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Abstract. This paper introduces P-map, an intuitive plot to visualize,
understand and compare variable-gain PI controllers. The idea is to represent the diﬀerence between a target controller and a baseline controller
(or a second controller for comparison) by an equivalent proportional
controller. By visualizing the value of the proportional gain and examining how it changes with inputs, it is possible to qualitatively understand
the characteristics of a complex variable-gain PI controller. Examples
demonstrate that P-map gives more useful information than control surface for variable-gain PI controllers. So, it can be used to supplement or
even replace the control surface.
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1

Introduction

Proportional-integral-derivative (PID) control [2] is by far the most widely used
control algorithm in practice, e.g., according to a survey [7] of over 11000 controllers in the reﬁning, chemicals and pulp and paper industries, 97% of regulatory controllers are PID controllers. Among them, most are proportional-integral
(PI) controllers. The input-output relation for an ideal PI controller with constant gains is
 t
e(τ )dτ
(1)
u(t) = kp e(t) + ki
0

where the control signal is the sum of the proportional and integral terms. The
controller parameters are the constant proportional gain kp and the constant int
tegral gain ki . For simplicity in the following we will use ei (t) to denote 0 e(τ )dτ .
The properties of constant-gain PID controllers have been extensively studied
in the literature [2, 4]. However, in practice the parameters of the system being
controlled may be slowly time-varying or uncertain. For example, as an aircraft
ﬂies, its mass slowly decreases as a result of fuel consumption. In these cases, a
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variable-gain controller, whose gains are diﬀerent at diﬀerent operational conditions, may be preferred over a constant-gain controller. This is the motivation
of gain scheduling control [1, 8, 11], or more generally, adaptive control [3, 18].
The input-output relation for a variable-gain PI controller may be expressed as
u(t) = kp (e(t), ei (t)) · e(t) + ki (e(t), ei (t)) · ei (t)

(2)

In this paper we assume the variable gains kp and ki are functions of e(t) and
ei (t) only. However, the P-map method can also be applied when kp and ki
involve other variables.
Fuzzy logic systems [5, 9, 12, 14, 16, 19], especially the TSK model [15, 17, 19,
22, 23], are frequently used to implement PI controllers. Except in very special
cases [15], a fuzzy logic controller (FLC) implements a variable-gain PI control
law, where the gains kp (e(t), ei (t)) and ki (e(t), ei (t)) change with the inputs.
Frequently people use optimization algorithms to tune the parameters of the
FLCs [6, 13, 22, 23]. Though the resulting FLCs usually have good performance,
it is diﬃcult to understand their characteristics and hence how the performance
is achieved.
Traditionally people use control surface to visualize the relationship between
u(t) and its inputs, e(t) and ei (t). An exemplar control surface is shown in
the bottom left part of Fig. 1. However, the control surface only gives the user
some rough ideas about the controller, e.g., complexity, continuity, smoothness,
monotonicity, etc. It is diﬃcult to estimate the control performance from only
the control surface. On the other hand, the control systems literature [2, 4] has
qualitatively documented the relationship between control performance and PI
gains. So, it would be easier to estimate the control performance of a variablegain PI controller if we can visualize the change of the PI gains with respect
to the inputs. This paper proposes such a visualization method called P-map
and illustrates how to use it to understand the characteristics of an FLC and
to compare the diﬀerence between type-1 (T1) and interval type-2 (IT2) FLCs.
Examples show that P-map can be used to supplement or even replace the control
surface.
The rest of this paper is organized as follows: Section 2 presents the theory
on P-map. Section 3 provides illustrative examples on how to use P-map to
understand the characteristics of an FLC and to compare the diﬀerence between
two FLCs. Finally, Section 4 draws conclusions.

2

P-Map: Theory

The eﬀects of changing a proportional gain or an integral gain individually in
a PI or PID controller is well-known in the literature [2, 4]. Generally, a larger
kp typically means faster response and shorter rising time, but an excessively
large kp may also lead to larger overshoot, longer settling time, and potential
oscillations and process instability. A larger ki implies steady state errors are
eliminated more quickly; however, there may be larger overshoot.

P-Map: An Intuitive Plot

191

However, if kp and ki are varied simultaneously, then their eﬀects are intercorrelated and it is diﬃcult to predict the control performance. So, if we can
represent a variable-gain PI controller by a proportional controller only, then
it is much easier to understand its characteristics. This is the essential idea of
P-map, which is a method to understand the characteristics of a variable-gain PI
controller or to compare the diﬀerence of two PI controllers using an equivalent
proportional gain kp .
To construct the P-map, we ﬁrst need to identify a baseline controller for
comparison. Next we introduce two methods to obtain the baseline controller,
depending on the context of application.
2.1

P-Map for Understanding a Variable-Gain PI Controller

To use P-map for understanding a variable-gain PI controller u(t), we need to
construct a baseline constant-gain PI controller
u0 (t) = kp,0 e(t) + ki,0 ei (t)

(3)

from u(t). There may be diﬀerent ways to construct kp,0 and ki,0 . In this paper
we use a least squares approach to ﬁt a plane for u(t): we ﬁrst obtain n samples
{e(t), ei (t), u(t)} from the controller u(t), and then use the least squares method
to ﬁt a linear model
u(t) = kp,0 e(t) + ki,0 ei (t) + (e(t), ei (t))

(4)

u(t) = u0 (t) + (e(t), ei (t))

(5)

Clearly,

where (e(t), ei (t)) is the diﬀerence (residual) between the variable-gain PI controller and the baseline constant-gain PI controller. (e(t), ei (t)) can be visualized
by the diﬀerence between the control surfaces of u(t) and u0 (t), as shown in the
bottom left part of Fig. 2.
P-map is used to better visualize and understand the eﬀect of (e(t), ei (t)).
As the relationship between the proportional gain and the performance of a PI
controller is well-known, we want to represent (e(t), ei (t)) by a variable-gain
proportional controller, i.e.,
(e(t), ei (t)) = kp (e(t), ei (t)) · e(t)

(6)

In other words, the proportional gain in the P-map is computed as
kp (e(t), ei (t)) =

(e(t), ei (t))
e(t)

(7)

P-map is then used to visualize how kp (e(t), ei (t)) changes with e(t) and ei (t)
and hence to understand the characteristics of the variable-gain PI controller.
Two illustrative examples are shown in Section 3.
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P-Map for Comparing Two PI Controllers

To use P-map for comparing a variable-gain PI controller u2 (t) against another
PI controller u1 (t), u1 (t) is used as the baseline controller. We then compute the
diﬀerence between u2 (t) and u1 (t), i.e.,
(e(t), ei (t)) = u2 (t) − u1 (t)

(8)

(e(t), ei (t)) can be visualized by the diﬀerence between the control surfaces of
u2 (t) and u1 (t), as shown in the left part of Fig. 3. However, P-map is a better
visualization method, as demonstrated in the next section. The proportional gain
in the P-map is again computed by (7). An example will be shown in Section 3.
2.3

Discussions

Observe from (7) that the equivalent gain kp (e(t), ei (t)) cannot be computed
when e(t) equals 0, and also there may be numerical instabilities when |e(t)| is
very close to 0. This is a limitation of the P-map. However, it only concerns with
a very small area in the P-map and does not aﬀect the global understanding of
the characteristics of a controller.
In this section we have introduced P-map for variable-gain PI controllers.
However, P-map can also be applied to variable-gain proportional and PD controllers. For variable-gain proportional controllers, the P-map becomes a curve
instead of a plane. P-map can also be computed for PID controllers; however, for
visualization we need to plot the P-map in 4-dimensional space, which is diﬃcult. But this is not a unique limitation for the P-map because we have diﬃculty
plotting the control surface of a PID controller in 4-dimensional space too. If
a good visualization method for the control surface of a PID controller can be
developed, then it can be applied to the P-map, too, and the advantages of the
P-map over the control surface can again be demonstrated.
In practice we may implement a PI controller as [10, 22, 23]
u̇(t) = kp (ė(t), e(t)) · ė(t) + ki (ė(t), e(t)) · e(t)

(9)

where u̇(t) is the change in control signal, and ė(t) is the change in feedback
error. For this implementation we compute the proportional gain in P-map as
kp (ė(t), e(t)) =

(ė(t), e(t))
ė(t)

(10)

where (ė(t), e(t)) is the diﬀerence between the control surfaces of a variable-gain
PI controller and a baseline controller.

3

P-Map: Examples

In this section we show how P-map can be used for understanding the characteristics of FLCs and also comparing diﬀerence FLCs. First, the realization of
the FLCs is introduced.
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Configurations of the FLCs

In this section fuzzy PI controllers are realized in the form of (9). A typical
rulebase may include rules in the form of
IF ė(t) is Ėn and e(t) is En , Then u̇(t) is yn

(11)

where Ėn and En are fuzzy sets, and yn is a crisp number.
3.2

Example 1: Constant-Gain T1 Fuzzy PI Controller

A T1 FLC with rules in (11) implements the constant-gain PI controller in (9)
if [15]:
1. Triangular T1 FSs are used for input membership function (MFs) Ėi and Ei ,
and they are constructed in such a way that for any input the ﬁring levels
of all MFs add to 1; and,
2. The consequents of the rules are crisp numbers deﬁned as
yn = kp ėn + ki en

(12)

where ėn and en are apexes of the antecedent T1 MFs.
An example of such a T1 FLC is shown in the ﬁrst row of Fig. 1. The apexes of
both Ė1 and E1 are at −1, and the apexes of both Ė2 and E2 are at 1. The four
rules are:
IF ė(t) is Ė1 and e(t) is E1 , Then u̇(t) is − kp − ki
IF ė(t) is Ė1 and e(t) is E2 , Then u̇(t) is − kp + ki
IF ė(t) is Ė2 and e(t) is E1 , Then u̇(t) is kp − ki
IF ė(t) is Ė2 and e(t) is E2 , Then u̇(t) is kp + ki
kp = 2.086 and ki = 0.2063 are used in this example, and the rulebase is given
in Table 1.
Table 1. Rulebase and consequents of the T1 FLC shown in Fig. 1.

PP e(t)
ė(t) PP

E1

E2

Ė1

−2.2923

−1.8797

Ė2

1.8797

2.2923

The control surface of the constant gain T1 fuzzy PI controller is shown in
the bottom left part of Fig. 1. Observe that it is perfectly linear, as suggested by
the theoretical results in [15]. The corresponding P-map is shown in the bottom
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Fig. 1. MFs, control surface, and P-map for the constant-gain T1 FLC in Example 1.

right part of Fig. 1. The least squares method found the baseline constant-gain
PI controller to be u̇0 (t) = 2.086ė(t) + 0.2063e(t), identical to the T1 FLC. As
a result, kp (ė(t), e(t)) = 0 for ∀ė(t) and ∀e(t), as indicated in the P-map. So,
both the control surface and the P-map show that the T1 fuzzy PI controller is
linear.
In summary, the control surface and the P-map are equally good at showing
the characteristics of linear PI controllers.
3.3

Example 2: Variable-Gain IT2 Fuzzy PI Controller

In this example, a variable-gain IT2 fuzzy PI controller is obtained from the
constant-gain T1 fuzzy PI controller in Example 1 by introducing footprint of
uncertainties (FOUs) [14, 22] to the T1 MFs, as shown in the ﬁrst row of Fig. 2.
For simplicity symmetrical FOUs are used, and the four IT2 FSs have the same
amount of FOU. The corresponding rulebase is shown in Table 2. Observe that
it is essentially the same as the rulebase in Table 1, except that IT2 FSs are
used to replace the T1 FSs in Example 1.
Observe from the bottom left part of Fig. 2 that the control surface of the
variable-gain IT2 FLC is nonlinear and non-monotonic. However, it is diﬃcult
to infer the performance of the IT2 FLC from it. To construct the P-map, the
baseline PI controller was found to be u̇0 (t) = 1.2001ė(t) + 0.1602e(t), and the
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Fig. 2. MFs, control surface, and P-map for the variable-gain IT2 FLC in Example 2

corresponding P-map is shown in the bottom right part of Fig. 2. Notice that
both kp and ki in the baseline PI controller are smaller than those in Example 1,
which conﬁrmed the ﬁnding in [24], i.e., generally introducing FOUs to a T1
FLC results a slower IT2 FLC. Observe also from the P-map that:
1. The IT2 fuzzy PI controller is nonlinear, as the proportional gain in the
P-map is not a constant. However, unlike the control surface, it is diﬃcult
to observe from the P-map whether the control law is monotonic. But this
is not important as the monotonicity of a controller is not used very often
in control practice.
2. When |ė(t)| → 0 and |e(t)| → 0, kp (ė(t), e(t)) < 0, i.e., compared with the
baseline linear controller u̇0 (t) = 1.2001ė(t) + 0.1602e(t), the IT2 FLC has a
smaller proportional gain near the steady-state; so, it implements a gentler
control law near the steady-state, which helps eliminate oscillations. This is
diﬃcult to be observed from the control surface.
3. When |e(t)| becomes large, kp (ė(t), e(t)) increases. So, compared with the
baseline linear controller u̇0 (t) = 1.2001ė(t) + 0.1602e(t), the IT2 FLC has a
larger proportional gain when the error is large. Consequently, it implements
a faster control law when the current plant state is far away from the setpoint, which helps reduce rising time. Again, this is diﬃcult to be observed
from the control surface.
In summary, in this example the P-map gives us more useful information about
the characteristics of the IT2 FLC than the control surface.
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Table 2. Rulebase and consequents of the IT2 FLC shown in Fig. 2.

PP e(t)
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Ė
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Ė
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Fig. 3. Diﬀerence between the two control surfaces in Examples 2 and 1, and the
corresponding P-map

3.4

Example 3: Comparing Two Fuzzy PI controllers

T1 and IT2 FLCs are fundamentally diﬀerent. In [21] we showed that an IT2
FLC can output control signals that cannot be implemented by a T1 FLC. In
[20] we further showed that an IT2 FLC cannot be implemented by traditionally
T1 FLCs. In [24] we derived the closed-form equivalent PI gains of the IT2 FLC
introduced in Example 2 for the input domain near the steady-state (|e(t)| → 0
and |ė(t)| → 0), and we observed that the equivalent PI gains are smaller than
those in the baseline T1 FLC in Example 1; however, it is diﬃcult to perform
similar analysis for input domains far away from the steady-state.
In this example we show how P-map can be used to quantitatively compare
the two FLCs in Examples 1 and 2 in the entire input domain. First we show the
diﬀerence between the IT2 FLC control surface and the T1 FLC control surface
in the left part of Fig. 3. We can observe that the diﬀerence is nonlinear and
non-monotonic, but it is diﬃcult to discover other useful information. However,
from the P-map in the right part of Fig. 3, we can observe that1 :
1

Note that the following observations are speciﬁc for the T1 FLC introduced in Example 1 and the IT2 FLC introduced in Example 2. They may not be generic for all
T1 and IT2 FLCs. However, for each new pair of T1 and IT2 FLCs, we can always
use the P-map to discover their speciﬁc diﬀerences.
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1. The diﬀerence is nonlinear, as the proportional gain in the P-map is not a
constant.
2. Most part of the P-map is smaller than zero; so, generally the IT2 FLC
introduced in Example 2 has a smaller proportional gain than the T1 FLC
introduced in Example 1. This may result in less oscillation, but also slower
response.
3. When |e(t)| gets larger, the value in P-map approaches 0, i.e., the diﬀerence
between the IT2 FLC and the T1 FLC becomes smaller.
In summary, in this example the P-map gives us more useful information about
the diﬀerence between the two FLCs than the control surface.

4

Conclusions

In this paper we have introduced P-map, which is an intuitive plot to visualize,
understand and compare variable-gain PI controllers. The idea is to represent
the diﬀerence between a target PI controller and a baseline PI controller (or a
second PI controller for comparison) using an equivalent proportional controller.
By visualizing the value of the proportional gain and examining how it changes
with inputs, we can qualitatively understand the characteristics of a complex
variable-gain PI controller. As demonstrated by three examples, P-map gives
more useful information than control surface for variable-gain PI controllers. So,
it can be used to supplement or even replace control surface.
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