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Abstract—In this paper, we present a solution to Zadeh’s
Magnus challenge problem on linguistic probabilities. First, we
implement Zadeh’s solution to this problem. Then, we use the
intersection-product syllogism and a syllogism based on the
entailment principle to interpret the problem so that it can
be solved via Linguistic Weighted Averages. We show that the
problem can be solved by calculation of pessimistic (lower) and
optimistic (upper) probabilities via Linguistic Weighted Averages.
Then, we choose vocabularies for quantiﬁers and linguistic
probabilities that are involved in the problem statement. The
vocabularies are modeled using interval type-2 fuzzy sets. We
calculate optimistic (upper) and pessimistic (lower) probabilities,
which naturally would be interval type-2 fuzzy sets. Finally,
we map the pessimistic and optimistic probabilities to linguistic
probabilities present in the vocabularies, so that the results can
be comprehended by a human.
Index Terms—Computing with words, interval type-2 fuzzy
sets, linguistic weighted average, lower and upper probabilities

I. I NTRODUCTION
Computing with words (CWW) is believed to play a pivotal
role in the mainstream of research on automation of everyday
reasoning and decision-making [8], [10], [15], [32]. Everyday
reasoning exploits information stated in natural language;
therefore, pertinent techniques are needed to describe and
interpret information stated in natural language propositions,
combine information coming from multiple sources with different degrees of reliability, and make decisions based on such
information.
In essence, CWW can be viewed as a computational theory
of perceptions [29]. Human perceptions are about physical
and mental objects like length, color, speed, time, direction,
strength, likelihood, truth, intent, etc. The key challenge for
building a computational theory of perceptions is that perceptions of such objects are imprecise, due to the limited
accuracy of human’s sensorimotor system. As a result, one
of the central concepts of CWW is “precisiation of meaning,”
which calls for building a computational model pertinent to
the semantics of a statement in a natural language. This
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is mainly performed by assigning fuzzy sets to linguistic
attributes, be they possibilistic, probabilistic, or veristic [27]. It
is also believed that for CWW, a viable method of completing
this task is collecting data about a linguistic constraint from
subjects, and building type-2 fuzzy sets based on the empirical
data [11].
Recently, Zadeh proposed that two levels of CWW could
be distinguished [13]: In basic (level 1) CWW, information
carriers are numbers, intervals, and words. Propositions are
usually simple “assignment” ones like: 𝑋 is between 3 and
4 (𝑋 ∈ [3, 4]), 𝑋 is very small, or If 𝑋 is high, then 𝑌 is
low. In advanced (level-2) CWW, information carriers can also
be more complicated natural language propositions involving modiﬁers, truth values, possibilistic constraints, linguistic
probabilities, usuality constraints, etc.
Essentially, in level-2 CWW, assignment of constraints in
such statements can be implicit, e.g., using a modiﬁer “Some”
in the statement “Some PhD students at the University of
Southern California are Iranian” implies assigning a linguistic
value (Some) to the portion of USC’s PhD students who are
Iranian.
Zadeh asserts that in level-2 CWW, propositions (and not
just words) are precisiated, i.e. the whole statement is reduced
down to the assignment of generalized constraints to some
variables; therefore, level-2 CWW must exploit techniques for
capturing the semantics of a proposition in a natural language
in terms of the semantics of its building blocks.
It is worth noting that the existing approaches to rule-based
fuzzy systems mainly deal with level-1 CWW, since they
employ the calculi of fuzzy if-then rules.
As stressed in [12], a scientiﬁcally correct ﬁrst order model
for a word is a type-2 fuzzy set. Zadeh also predicts that type-2
fuzzy sets will play a central role in level-2 CWW [13]; thus,
it can be envisioned that type-2 fuzzy sets will be used as
the rudiments of advanced CWW in the forthcoming years. In
essence, we view CWW as the interactions between a group of
people and at least another person (or computer). Henceforth,
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the group’s perception of a word needs to affect the uncertainty
about the word in the word’s fuzzy set model. This can be
viewed as the main motivation for using type-2 fuzzy sets in
CWW. Moreover, as will be seen in the sequel, type-2 fuzzy
sets provide a natural framework to provide uncertain numeric
values like “about 20% ” as solutions to CWW problems, and
the term “about” captures the inter-person and intra-person
uncertainties propagated via information aggregation methods.
One of the most important problems in CWW is aggregation
of linguistic information for hierarchical multi-criteria decision
making. Linguistic Weighted Averages are believed to provide
an appropriate framework for performing this task [19], [20],
especially when we deal with words precisiated with type-2
fuzzy sets.
A set of challenge problems for testing CWW methodologies has been proposed in [25], [28], [30], [33]. Perhaps the
most famous challenge problem in this set is the so-called “tall
Swedes” problem: Most Swedes are tall. What is the average
height of Swedes?
We examined the solution to the “tall Swedes” challenge
problem in [18]. One of the most challenging problems
in level-2 CWW is manipulation of propositions containing
linguistic and imprecise probabilities [31], [13], and some of
Zadeh’s challenge problems deal with linguistic probabilities.
In this paper, we focus on the following problem (called
the “Magnus problem”) involving linguistic quantiﬁers: Most
Swedes are tall. Most tall Swedes are blond. What is the
probability that Magnus (a Swede picked at random) is blond?
It is worth noting that although these kinds of problems may
appear to be “toy problems,” serious consideration of them
leads to solution of totally new classes of CWW problems.
As will be seen in this paper, the solution of the Magnus
problem calls for calculation of linguistic lower and upper
probabilities, which are closely related to Dempster-Shafer
theory of evidence [5]. We will demonstrate that the Linguistic
Weighted Average method can contribute to the solution of this
problem via manipulating linguistic probabilities.
It is worth noting that we believe that there is no unique
solution to Advanced CWW problems, including the Magnus
problem. There might be different methodologies for solving
a particular problem, and additionally, one can choose different vocabularies to decode the solution so that it can be
comprehended by humans. However, the solutions should be
linguistically similar.
The rest of this paper is organized as follows: Section II
elaborates on Zadeh’s methodology for solving the Magnus
problem; Section III implements Zadeh’s solution to the Magnus problem, and maps it into a linguistic probability via
linguistic approximation; Section IV is a critique of Zadeh’s
solution; Section V uses some standard reasoning tools to
interpret the Magnus problem so that it can be solved via
Linguistic Weighted Averages, and demonstrates that this
gives rise to the calculation of type-2 fuzzy lower and upper
probabilities; Section VI studies the effect of the size of the
vocabularies on the solution, and shows that when the size of
the vocabulary of linguistic probabilities is small, the linguistic

lower and upper probabilities are translated to the same word
through linguistic approximation; and, Section VII presents
some conclusions and suggestions for future research.
II. Z ADEH ’ S M ETHODOLOGY FOR S OLVING T HE M AGNUS
P ROBLEM
Zadeh solves the Magnus problem by utilizing the following
intersection-product syllogism [28]:
𝑄1 𝐴’s are 𝐵’s
𝑄2 (𝐴 and 𝐵)’s are 𝐶’s
𝑄1 ⊗ 𝑄2 𝐴’s are (𝐵 and 𝐶)’s
At least (𝑄1 ⊗ 𝑄2 ) 𝐴’s are 𝐶’s
in which 𝑄1 and 𝑄2 are linguistic quantiﬁers, 𝐴, 𝐵, 𝐶
are linguistic attributes, and ⊗ denotes fuzzy multiplication
determined by:
𝜇𝑄1 ⊗𝑄2 (𝑢) = sup (min(𝜇𝑄1 (𝑥), 𝜇𝑄2 (𝑦))
𝑢=𝑥𝑦

(1)

At least is an operator acting on a fuzzy quantiﬁer 𝑄, and
can be seen as the order relation ≤ extended by the extension
principle as follows:
𝜇𝐴𝑡

𝑙𝑒𝑎𝑠𝑡(𝑄) (𝑥)

= sup 𝜇𝑄 (𝑦),
𝑦≤𝑥

𝑥, 𝑦 ∈ [0, 1]

(2)

The intersection-product syllogism is a fuzzy extension of a
simple calculation involving numeric quantiﬁers. Consider the
following example: 50% of the students of the EE Department
at USC are graduate students. 80% of the graduate students of
the EE Department at USC are on F1 visa. Therefore, 50% ×
80% of the graduate students of the EE Department at USC
are on F1 visa. Consequently, at least 40% of the students
of the EE Department at USC are on F1 visa (since some
undergraduate students may be on F1 visa, we use the term
at least).
It can easily be observed that in the Magnus problem, 𝑄1 =
𝑀 𝑜𝑠𝑡, 𝑄2 = 𝑀 𝑜𝑠𝑡, 𝐴 = 𝑆𝑤𝑒𝑑𝑒, 𝐵 = 𝑡𝑎𝑙𝑙, and 𝐶 = 𝑏𝑙𝑜𝑛𝑑;
therefore, it can be inferred that 𝐴𝑡 𝑙𝑒𝑎𝑠𝑡 (𝑄 = 𝑀 𝑜𝑠𝑡 ⊗
𝑀 𝑜𝑠𝑡) Swedes are both tall and blond. On the other hand
for a (non-decreasing) monotonic quantiﬁer 𝑄, i.e. one whose
membership function 𝜇𝑄 (𝑢) is monotonically non-decreasing,
𝐴𝑡 𝑙𝑒𝑎𝑠𝑡(𝑄) = 𝑄 [26]. For a proof of this proposition see
Appendix A.
Zadeh views 𝑀 𝑜𝑠𝑡 as a monotonic quantiﬁer, and hence
𝑀 𝑜𝑠𝑡 ⊗ 𝑀 𝑜𝑠𝑡 is monotonic. Therefore, the portion of Swedes
who are both blond and tall is 𝑀 𝑜𝑠𝑡⊗𝑀 𝑜𝑠𝑡. Zadeh interprets
a linguistic constraint on the portion of a population as a
linguistic probability (LProb), and directly concludes that:
LProb(Magnus is blond) = Most ⊗ Most

(3)

III. I MPLEMENTATION OF Z ADEH ’ S S OLUTION
Zadeh’s elaboration on the Magnus problem does not
include some components of CWW engines. He does not
provide the exact membership functions of the fuzzy quantiﬁer
𝑀 𝑜𝑠𝑡, the linguistic approximation method, or the vocabulary
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of linguistic probabilities through which the result could be
communicated with humans.
We believe that although a linguistic quantiﬁer has the
same mathematical nature as a linguistic probability (both
of them are fuzzy subsets of the unit interval [0, 1]), they
are semantically different: A linguistic quantiﬁer imposes
an elastic constraint on the portion of a population having
a speciﬁc attribute, but a linguistic probability (e.g., Very
likely) imposes a linguistic constraint on the more objective
concept of likelihood of a particular event. This issue can be
viewed as analogous to the difference between two ways of
deﬁning probability: the relative frequency deﬁnition and the
axiomatic deﬁnition. The relative frequency approach deﬁnes
the probability of an event in an experiment as the limit of the
ratio of the number of occurrences of that event to the total
number of repetitions of the experiment, when this number
tends to inﬁnity. The linguistic quantiﬁer Most imposes a
linguistic constraint on such a ratio. On the other hand, a set
of linguistic probabilities (e.g., Unlikely, Likely, Very likely,
Very unlikely) obeys a fuzzy version of axioms pertinent to
probability theory [1]. The relative frequency approach is
based on heuristics and the axiomatic approach bears more
mathematical rigor.
In any solution of the Magnus problem (be it in a type1 or a type-2 fuzzy logic framework) not only must one
therefore construct a fuzzy set for modeling (precisiating)
the quantiﬁer 𝑀 𝑜𝑠𝑡, but one must also employ a vocabulary
of fuzzy probabilities for linguistic approximation of the
solution 𝑀 𝑜𝑠𝑡 ⊗ 𝑀 𝑜𝑠𝑡 containing a linguistic probability that
is understandable by human beings. To do the latter, we choose
a member of the vocabulary of linguistic probabilities whose
Jaccard’s similarity [4], [9] with 𝑀 𝑜𝑠𝑡 ⊗ 𝑀 𝑜𝑠𝑡 is the largest.
Recall that the Jaccard’s similarity measure between two type1 fuzzy sets 𝐴 and 𝐵, 𝑠𝐽 (𝐴, 𝐵), is:
∫
𝜇𝐴∩𝐵 (𝑥)𝑑𝑥
(4)
𝑠𝐽 (𝐴, 𝐵) = ∫𝑋
𝜇
(𝑥)𝑑𝑥
𝑋 𝐴∪𝐵
We chose a right shoulder type-1 fuzzy set to model
(precisiate) the linguistic quantiﬁer 𝑀 𝑜𝑠𝑡1 , whose membership function is depicted in Fig. 1. We also constructed a
nine word vocabulary of type-1 fuzzy sets to model the
linguistic probabilities. The members of the vocabulary are:
Absolutely improbable, Almost improbable (AI), Very unlikely
(VU), Unlikely (UL), Moderately likely (ML), Likely (L), Very
likely (VL), Almost certain (AC), Absolutely certain. Their
membership functions are shown in Fig. 2. The extreme words
Absolutely improbable and Absolutely certain2 are naturally
1 In practice, we can collect data from a group of subjects about all
words and then use the Interval Approach [11] or the Enhanced Interval
Approach [2] to construct the IT2 FS models. Our hypothetical T1 FSs could
then correspond to the upper membership functions of these IT2 FSs. The
membership functions used here are for illustrative purposes only.
2 Note that from (4), it is obvious that the Jaccard’s similarity of a singleton
and any fuzzy set is always zero. Hence, no solution would map to the extreme
words in the decoding procedure. The extreme words are included in the
vocabulary because their presence is crucial for an axiomatic approach to
fuzzy probabilities, as will be seen in the sequel.

modeled via singletons, and hence are not shown in the ﬁgure.
Following Zadeh’s philosophy of precisiation of 𝑀 𝑜𝑠𝑡
as a monotonic quantiﬁer (which could be interpreted as
𝐴𝑙𝑙 ⊂ 𝑀 𝑜𝑠𝑡), we chose the membership functions so that:
𝐴𝑙𝑚𝑜𝑠𝑡 𝑖𝑚𝑝𝑟𝑜𝑏𝑎𝑏𝑙𝑒 ⊂ 𝑉 𝑒𝑟𝑦 𝑢𝑛𝑙𝑖𝑘𝑒𝑙𝑦 ⊂ 𝑈 𝑛𝑙𝑖𝑘𝑒𝑙𝑦 and
𝐿𝑖𝑘𝑒𝑙𝑦 ⊂ 𝑉 𝑒𝑟𝑦 𝑙𝑖𝑘𝑒𝑙𝑦 ⊂ 𝐴𝑙𝑚𝑜𝑠𝑡 𝑐𝑒𝑟𝑡𝑎𝑖𝑛.
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The membership function of the type-1 fuzzy quantiﬁer 𝑀 𝑜𝑠𝑡.
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Fig. 2. The membership functions of the vocabulary of type-1 linguistic
probabilities.

Computation of Zadeh’s solution to the Magnus problem
involves a fuzzy multiplication. Since we have chosen a
trapezoidal membership function for 𝑀 𝑜𝑠𝑡, it is easy to
compute 𝑀 𝑜𝑠𝑡 ⊗ 𝑀 𝑜𝑠𝑡 by (1). Assume that one has two
trapezoidal fuzzy numbers 𝐴 = (𝑎1 , 𝑏1 , 𝑐1 , 𝑑1 ) and 𝐵 =
(𝑎2 , 𝑏2 , 𝑐2 , 𝑑2 ); then, 𝐴 ⊗ 𝐵 = (𝑎1 𝑎2 , 𝑏1 𝑏2 , 𝑐1 𝑐2 , 𝑑1 𝑑2 ). The
computed 𝑀 𝑜𝑠𝑡 ⊗ 𝑀 𝑜𝑠𝑡 corresponding to the membership
function of Fig. 1 is shown in Fig. 3. Note that the center of
gravity of the solution is 0.8304. Later, this will be compared
to the average centroid of the type-2 solution(s).
In the next step of our interpretation of Zadeh’s solution, we
calculate Jaccard’s similarity measure between 𝑀 𝑜𝑠𝑡 ⊗ 𝑀 𝑜𝑠𝑡
and each member of the vocabulary of type-1 linguistic probabilities 𝑃𝑖 , (𝑖 = 1, . . . , 9), and denote them by 𝑠𝐽 (𝑀 𝑜𝑠𝑡 ⊗
𝑀 𝑜𝑠𝑡, 𝑃𝑖 ). The results are shown in Table I.
It can be concluded that decoding Zadeh’s methodology
yields the following solution to the Magnus problem, given
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The membership functions of 𝑀 𝑜𝑠𝑡 ⊗ 𝑀 𝑜𝑠𝑡.

the aforementioned fuzzy sets for the type-1 linguistic probabilities:
“It is Likely that Magnus (a Swede picked at random) is
blond.”
IV. C RITIQUE OF Z ADEH ’ S S OLUTION
As stressed by [7], although Zadeh’s treatment of fuzzy
probabilities is very interesting and can be applied to datacentered applications, it needs to be mathematically rigorized
so that it is more appropriate from the viewpoint of a probability theorist. As a result, the following linguistic probability
measure is deﬁned in [7]: Assume that Ω is a sample space,
and ℬ is the 𝜎-algebra of events associated with Ω, i.e:
1) ℬ ⊆ 𝒫Ω
2) ℬ ∕= ∅
3) 𝐴 ∈ ℬ ⇒ 𝐴′ ∈ ℬ∪
∞
4) {𝐴𝑖 }∞
𝑖=1 ⊆ ℬ ⇒
𝑖=1 𝐴𝑖 ∈ ℬ
in which 𝒫Ω is the family of subsets of Ω, and 𝐴′ = Ω − 𝐴
is the complement of 𝐴.
A function LProb : ℬ → N[0,1] is called a linguistic
probability measure if and only if, for any 𝐴 ∈ ℬ:
1) 0 ⪯ LProb(A) ⪯ 1
2) LProb(∅) = 0 and LProb(Ω) = 1
3) If {𝐴𝑖 }∞
𝑗 = ∅ (i.e.
𝑖=1 ⊆ ℬ and 𝑖 ∕= 𝑗 ⇒ 𝐴𝑖 ∩ 𝐴∪
∞
’s
are
mutually
disjoint),
then
LProb
(
𝐴
𝑖
i=1 Ai ) ⊆
⊕∞
LProb(A
)
i
i=1
4) LProb(A′ ) = 1 ⊖ LProb(A)
TABLE I
S IMILARITIES BETWEEN Z ADEH ’ S SOLUTION 𝑀 𝑜𝑠𝑡 ⊗ 𝑀 𝑜𝑠𝑡 AND
LINGUISTIC PROBABILITIES

Linguistic probability (𝑃𝑖 )
Absolutely improbable
Almost improbable
Very unlikely
Unlikely
Moderately likely
Likely
Very likely
Almost certain
Absolutely certain

𝑠𝐽 (𝑀 𝑜𝑠𝑡 ⊗ 𝑀 𝑜𝑠𝑡, 𝑃𝑖 )
0
0
0
0
0.0435
0.7499
0.4857
0.1166
0

in which N[0,1] is the set of all fuzzy numbers over the unit
interval, ⪯ is the order relation induced by the fuzzy minimum
operator (and is equivalent to the 𝛼-cut ranking method), ⊕
represents a special addition for fuzzy numbers [6], and ⊖ is
the fuzzy subtraction operation.
Zadeh’s approach to solving the Magnus problem does
not obey the axioms of linguistic probability theory. In his
approach, he only considers the events “tall” and “blond”.
Nevertheless, the above axiomatic approach requires the 𝜎algebra of events to contain the complement of those events
(i.e. “not tall” and “not blond”) as well. As will be seen in the
sequel, using syllogisms proposed by Zadeh, we consider the
events “not tall” and “not blond” and the linguistic probabilities assigned to them in our model. We solve the Magnus
problem using type-2 fuzzy sets as models for linguistic
probabilities, and we can show [17] that our treatment of
linguistic probabilities obeys a set of axioms which are similar
to those stated for type-1 fuzzy sets in above.
V. F UZZY R EASONING AND C ALCULATION OF L INGUISTIC
U PPER AND L OWER P ROBABILITIES VIA L INGUISTIC
W EIGHTED AVERAGES
Heuristically, when one assigns a linguistic attribute to Most
of a population, it can be concluded that the rest of that
population does not have that attribute. Such an intuition can
be derived formally from the following rule obtained from the
entailment principle [26] :
𝑄𝐴’s are 𝐵’s
¬𝑄𝐴’s are 𝐵 ′ ’s
in which ¬𝑄 is the antonym of the fuzzy quantiﬁer 𝑄, and its
membership function [26] is given by:
𝜇¬𝑄 (𝑢) = 𝜇𝑄 (1 − 𝑢), 𝑢 ∈ [0, 1]

(5)

and 𝐵 ′ is the complement of the fuzzy set 𝐵, characterized
by:
𝜇𝐵 ′ (𝑢) = 1 − 𝜇𝐵 (𝑢)
(6)
Exploiting the aforementioned rule, we have: “A few
Swedes are not tall,” in which 𝐹 𝑒𝑤 is an antonym of the
linguistic quantiﬁer 𝑀 𝑜𝑠𝑡. Consequently, applying this rule
to the statement “Most tall Swedes are blond,” one concludes
that: “A few tall Swedes are not blond.”
It is worth noting that the semantics of the fuzzy quantiﬁer
𝑀 𝑜𝑠𝑡 suggests that it is more appropriately modeled by an
interior fuzzy set. As we insisted earlier, when Most of a population have a linguistic attribute, it means that there are some
members of that population who do not have such an attribute.
It is reasonable, therefore, to assume that 𝜇𝑀 𝑜𝑠𝑡 (1) ∕= 1 (i.e.
the membership value of 100% in 𝑀 𝑜𝑠𝑡 is not 1); thus, we
choose an interior fuzzy set to model the quantiﬁer 𝑀 𝑜𝑠𝑡, and
its antonym to model the quantiﬁer 𝐹 𝑒𝑤, as shown in Fig. 4.
One has linguistic information about the distribution of
blond Swedes among those who are tall, i.e. one knows
that most of tall Swedes are blond. Unfortunately, one does
not know anything about the distribution of blond Swedes
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In (7) and (8), 𝐴𝑙𝑙 and 𝑁 𝑜𝑛𝑒 are singletons, respectively
represented by:
{
1 𝑢=1
(9)
𝜇𝐴𝑙𝑙 (𝑢) =
0 otherwise
{
1 𝑢=0
𝜇𝑁 𝑜𝑛𝑒 (𝑢) =
(10)
0 otherwise
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Fig. 4.
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Type-2 fuzzy sets for modeling 𝑀 𝑜𝑠𝑡 and 𝐹 𝑒𝑤.

among those (few) Swedes who are not tall. This situation
is summarized in the tree of Fig. 5.

A Linguistic Weighted Average 𝑌˜𝐿𝑊 𝐴 of interval type-2
˜𝑖 , (𝑖 =
˜𝑖 with interval type-2 fuzzy weights 𝑊
fuzzy sets 𝑋
1, ⋅ ⋅ ⋅ , 𝑛) is characterized by the following expressive formula3 [14]:
∑𝑛 ˜
˜𝑖
𝑊𝑖 × 𝑋
˜
𝑌𝐿𝑊 𝐴 = 𝑖=1
= [𝑌 𝐿𝑊 𝐴 , 𝑌 𝐿𝑊 𝐴 ]
(11)
∑𝑛 ˜
𝑊𝑖
𝑖=1

in which:
∑𝑛
SwedeJ
JJ
s
s
𝑖=1 𝑊𝑖 𝑋 𝑖
s
J
∑
=
min
(12)
𝑌
Mostss
JFew
𝑛
𝐿𝑊 𝐴
JJ
s
𝑊𝑖
s
∀𝑊
∈[𝑊
,𝑊
]
𝑖
𝑖
J
𝑖=1
𝑖
s
J
$
yss
∑𝑛
Tall
¬TallK
s
KK
𝑖=1 𝑊𝑖 𝑋 𝑖
s
s
K
∑
𝑌 𝐿𝑊 𝐴 =
max
(13)
Mostss
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Blond
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Blond
¬Blond in which the underlined and overlined quantities denote lower
and upper membership values of 𝑌˜𝐿𝑊 𝐴 . Observe that LProb−
Fig. 5. Linguistic information about the distribution of blond people among
and LProb+ in (7) and (8) are Linguistic Weighted Averages
Swedes.
that can be computed by (12) and (13).
By analogy with classical probability theory, one can obBecause of one’s total ignorance about the distribution of
serve
that the weighted average solutions in (7) and (8) can
blonds among the Swedes who are not tall, one can take
be
derived
from the following conditional fuzzy probability
two different approaches to calculate the linguistic probability
calculation
which
is a generalization of the calculations of [7]
that Magnus is blond: The ﬁrst approach assumes that the
to
type-2
fuzzy
sets:
distribution of blonds among Swedes who are not tall is similar
to the case of tall Swedes i.e., Most Swedes who are not
LProb(blond∣Swede) =
tall are blond; few of them are not blond; however, such a
LProb(tall∣Swede) × LProb(blond∣tall and Swede)+
methodology does not seem to be quite plausible, because it
LProb(¬tall∣Swede) × LProb(blond∣¬tall and Swede)
completely neglects our total ignorance about the situation, and
(14)
assumes additional world knowledge, which may not always
be available.
−
The second approach calculates a linguistic lower and a LProb (Magnus is blond) is obtained by assuming in (14)
that:
linguistic upper probability corresponding respectively to the
pessimistic case, when none of Swedes who are not tall are
LProb(blond∣¬tall and Swede) = None = 0
(15)
blond and the optimistic case when all of Swedes who are not
and LProb+ (Magnus is blond) is obtained by assuming in
tall are blond.
To calculate the linguistic lower and upper probabilities, (14) that:
we use a normalized version of the intersection-product sylLProb(blond∣¬tall and Swede) = All = 1
(16)
logism, so that the problem can be solved using Linguistic
Weighted Averages [19], [20]. The linguistic lower probability
LProb− (⋅) is determined as:
Most × Most + Few × None
Most + Few
(7)
Similarly, the linguistic upper probability LProb+ (⋅) is determined as:
Most × Most + Few × All
LProb+ (Magnus is blond) =
Most + Few
(8)
LProb− (Magnus is blond) =

It can be shown [16] that the intrinsic normalization present in
the linguistic weighted average contributes to interactive addition of fuzzy probabilities, which avoids obtaining counterintuitive linguistic probabilities whose membership functions
are non-zero outside [0, 1] [6], [24].
One can argue that when there is no assumption on the
distribution of blonds among Swedes who are not tall, based
3 This means that although 𝑌
˜𝐿𝑊 𝐴 can be expressed by (11), it is not
computed by adding/multiplying interval type-2 fuzzy sets.
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on the principle of maximum entropy [3], one should assume
that:
LProb(blond∣¬tall and Swede) =
LProb(not blond∣¬tall and Swede) = 0.5

(17)

It can easily be shown that the linguistic probability calculated
by (17) is exactly (LProb+ + LProb− )/2. This is a direct
result of the fact that (𝐴𝑙𝑙 + 𝑁 𝑜𝑛𝑒)/2 = 0.5, and the nature
of the average. The linguistic upper and lower probabilities
provide more ﬂexibility when such an assumption cannot be
made.
We calculate LProb− and LProb+ exploiting a method
based on alpha-cuts [21], [23]. The results are shown in
Figs. 6 and 7, respectively. The centroid and average centroid
of the lower probability are [0.7966, 0.8150] and 0.8058,
respectively. The centroid and average centroid for the upper probability are [0.8888, 0.9002] and 0.8945, respectively.
The centroid can be used to report a solution in terms of
the uncertain numeric upper and lower probabilities for the
problem: “the probability that Magnus is blond is between
around 80% and around 89%.” Note that 80% and 89% are
the average centroids of the type-2 fuzzy lower and the upper
probabilities, and the term “around” reﬂects the uncertainty
represented by the centroids, and reﬂects the inter-person and
intra-person uncertainties about the words. Such uncertainties
are propagated by the linguistic weighted average, and can be
captured when reporting a numeric value for the lower and
the upper probabilities, by calculation of centroid and average
centroid. This cannot be done by any solution involving type-1
fuzzy sets, including Zadeh’s solution.
Prob−

1
0.8
0.6

shown in Fig. 8. The results are shown in Table II. The
vocabulary of type-2 linguistic probabilities contains the same
words as the vocabulary of type-1 linguistic probabilities. As
done previously, we modeled the extreme words Absolutely
improbable and Absolutely certain as singletons, and hence
they are not shown in the ﬁgure.
1.2
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Fig. 8. The membership functions of the vocabulary of type-2 linguistic
probabilities.

Note that the Jaccard’s similarity between interval type-2
˜ and 𝐵
˜ is calculated by [22], [23]:
fuzzy sets 𝐴
˜ 𝐵)
˜ =
𝑠𝐽 (𝐴,
∫
(min(¯
𝜇𝐴˜ (𝑥), 𝜇
¯𝐵˜ (𝑥)) + min(𝜇𝐴˜ (𝑥), 𝜇𝐵˜ (𝑥)))𝑑𝑥
∫𝑋
(max(¯
𝜇𝐴˜ (𝑥), 𝜇
¯𝐵˜ (𝑥)) + max(𝜇𝐴˜ (𝑥), 𝜇𝐵˜ (𝑥)))𝑑𝑥
𝑋

(18)

in which 𝜇
¯𝐴˜ (𝑥) and 𝜇𝐴˜ (𝑥) are upper membership and lower
˜
membership functions of 𝐴.
Since we have obtained a pessimistic and an optimistic probability, we can make the following statement: “The probability
that Magnus is blond is between likely and very likely.”
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TABLE II
S IMILARITIES BETWEEN THE LINGUISTIC LOWER AND UPPER
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PROBABILITIES WITH THE MEMBERS OF THE VOCABULARY OF
LINGUISTIC PROBABILITIES

1

Linguistic lower probability that Magnus is blond.

Linguistic probability (𝑃˜𝑖 )
Absolutely improbable
Almost improbable
Very unlikely
Unlikely
Moderately likely
Likely
Very likely
Almost certain
Absolutely certain

+

Prob

1
0.8
0.6
0.4
0.2
0

0

Fig. 7.
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𝑠𝐽 (LProb− , P̃i )
0
0
0
0
0.0191
0.3117
0.2997
0.0435
0

𝑠𝐽 (LProb+ , P̃i )
0
0
0
0
0
0.0332
0.7657
0.1108
0

1

VI. A S TUDY ON T HE E FFECT OF T HE S IZE OF
VOCABULARY ON T HE R ESULTS

Linguistic upper probability that Magnus is blond.

In order to communicate the results to people via linguistic
probabilities (e.g., very likely), we computed Jaccard’s similarities of the linguistic lower probability and the linguistic
upper probability with the vocabulary of linguistic probabilities (𝑃˜𝑖 , 𝑖 = 1, ⋅ ⋅ ⋅ , 9) whose membership functions are

Linguistic approximation is essentially the fuzzy counterpart
of rounding numeric values. In conventional rounding, one
approximates a numerical value with the “nearest” number that
is meaningful for available computing machinery. In linguistic
approximation, analogously, a member of the vocabulary that
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is most similar to the result of a reasoning procedure is selected
so that the result is perceivable by a person.
It is therefore appropriate to investigate the issue of “resolution,” when performing linguistic approximation. More
speciﬁcally in the Magnus problem, if the vocabulary of
linguistic probabilities is not of a sufﬁcient resolution, both
the linguistic upper and lower probabilities map to the same
word, removing the effect of considering total ignorance about
the distribution of blonds among the Swedes who are not
tall. On the other hand, precision makes communication more
difﬁcult, e.g. the statement “ It is very likely that Magnus is
blond” is more comprehensible by a human than the statement
“The probability that Magnus is blond is between likely and
very likely.” Consequently, it is of interest to investigate the
conditions which lead to a more precise linguistic answer.
The main factor affecting the resolution of a CWW system
is the size of its vocabularies, because the size of the vocabulary is inﬂuential on the shape of the fuzzy set modeling a word
[14]. As the size of a vocabulary increases, the “fuzziness”
[34] of fuzzy sets modeling each word decreases.
To examine the dependence of the solution on the resolution
of the vocabulary of the linguistic probabilities, we chose
vocabularies containing 3, 5, and 7 words, and calculated
Jaccard’s similarities of the linguistic lower and the upper
probabilities with the words of each vocabulary, in the following manner:
Vocabulary 1: Absolutely improbable, Likely, Absolutely
certain (see Fig. 9). Vocabulary 2: Absolutely improbable,
Unlikely, Likely, Very likely, Absolutely certain (see Fig. 10).
Vocabulary 3: Absolutely improbable, Almost Improbable, Unlikely, Likely, Very likely, Almost certain, Absolutely certain
(see Fig. 11). Note that the singletons are not shown in Figs.
9-11.
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Fig. 10. The membership functions of the 5-word vocabulary of linguistic
probabilities.
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Fig. 11. The membership functions of the 7-word vocabulary of linguistic
probabilities.
TABLE III
S IMILARITIES BETWEEN THE LINGUISTIC LOWER AND UPPER
PROBABILITIES WITH THE MEMBERS OF THE 3- WORD VOCABULARY OF
LINGUISTIC PROBABILITIES

Linguistic probability (𝑃˜𝑖 )
Improbable
Likely
Absolutely certain

Likely
1

0.8

𝑠𝐽 (LProb+ , P̃i )
0
0.1122
0

TABLE IV
S IMILARITIES BETWEEN THE LINGUISTIC LOWER AND UPPER
PROBABILITIES WITH THE MEMBERS OF THE 5- WORD VOCABULARY OF

0.6

LINGUISTIC PROBABILITIES

0.4

Linguistic probability (𝑃˜𝑖 )
Improbable
Unlikely
Likely
Very likely
Absolutely certain

0.2

0

𝑠𝐽 (LProb− , P̃i )
0
0.2946
0
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𝑠𝐽 (LProb− , P̃i )
0
0
0.2949
0.3387
0

𝑠𝐽 (LProb+ , P̃i )
0
0
0.0894
0.6051
0

Fig. 9. The membership functions of the 3-word vocabulary of linguistic
probabilities.

the ﬁve-word and seven-word vocabularies, it is “Very likely”.
The similarities between the linguistic lower and upper
probabilities with the members of each of the vocabularies
are shown in Tables III-V. Interestingly, the linguistic lower
and upper probabilities are decoded into the same word in the
cases where we have 3, 5, and 7 words in the vocabulary. For
the three-word vocabulary, the word is “Likely”, whereas in

VII. C ONCLUSIONS
In this paper, we applied Linguistic Weighted Averages
to the calculation of linguistic probabilities to solve Zadeh’s
“Magnus” challenge problem. We demonstrated that applying
syllogisms related to linguistic quantiﬁers to this problem
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TABLE V
S IMILARITIES BETWEEN THE LINGUISTIC LOWER AND UPPER
PROBABILITIES WITH THE MEMBERS OF THE 7- WORD VOCABULARY OF
LINGUISTIC PROBABILITIES

Linguistic probability (𝑃˜𝑖 )
Improbable
Almost improbable
Unlikely
Likely
Very likely
Almost certain
Absolutely certain

𝑠𝐽 (LProb− , P̃i )
0
0
0
0.0390
0.5410
0.0984
0

𝑠𝐽 (LProb+ , P̃i )
0
0
0
0.0421
0.5684
0.1102
0

gives rise to the derivation of linguistic upper and lower
probabilities. This is in accord with the existing landscape
of Dempster-Shafer theory of evidence, which has been used
for manipulation of imprecise probabilities in decision making
problems. Our forthcoming efforts will be devoted to developing a new linguistic evidence theory.
The use of Linguistic Weighted Averages appears to be
promising in solving more complicated CWW problems which
involve implicit assignment of linguistic constraints to variables like probability (and truth). This is mainly due to
the inherent normalization done by them, which prevents
them from resulting in fuzzy probabilities whose membership
functions are non-zero outside the interval [0, 1].
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A PPENDIX A
P ROOF FOR 𝐴𝑡 𝑙𝑒𝑎𝑠𝑡(𝑄) = 𝑄 W HEN 𝑄 I S
M ONOTONICALLY N ON - DECREASING
The operator At least is deﬁned by:
𝜇𝐴𝑡

𝑙𝑒𝑎𝑠𝑡(𝑄) (𝑥)

= sup 𝜇𝑄 (𝑦),
𝑦≤𝑥

𝑥, 𝑦 ∈ [0, 1]

(19)

Since 𝜇𝑄 (𝑥) is non-decreasingly monotonic, ∀𝑦 ≤
𝑥, 𝜇𝑄 (𝑦) ≤ 𝜇𝑄 (𝑥). Therefore, sup𝑦≤𝑥 𝜇𝑄 (𝑦) = 𝜇𝑄 (𝑥), and
𝜇𝐴𝑡 𝑙𝑒𝑎𝑠𝑡(𝑄) (𝑥) = 𝜇𝑄 (𝑥).
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