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Similarity Measures for Closed General Type-2
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Geometric Approach
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Abstract—The similarity between two fuzzy sets (FSs) is an important concept in fuzzy logic. As the research interest on general
type-2 (GT2) FSs has increased recently, many similarity measures
for them have also been proposed. This paper gives a comprehensive overview of existing similarity measures for GT2 FSs, points
out their limitations, and, by using an intuitive geometric explanation, proposes a Jaccard similarity measure for GT2 FSs that is
an extension of the popular Jaccard similarity measure for type-1
and interval type-2 FSs. The fundamental difference between the
proposed Jaccard similarity measure for GT2 FSs and all existing
similarity measures is that the Jaccard similarity measure considers the overall geometries of two GT2 FSs and does not depend
on a specific representation of the GT2 FSs, whereas all existing
similarity measures for GT2 FSs depend either on the vertical slice
representation or the α-plane representation. We show that the
Jaccard similarity measure for GT2 FSs satisfies four properties
of a similarity measure and demonstrate its reasonableness using
two examples.
Index Terms—General type-2 fuzzy sets (GT2 FSs), interval
type-2 fuzzy sets (IT2 FSs), similarity measure, type-1 fuzzy sets
(T1 FSs).

I. INTRODUCTION
YPE-1 fuzzy set (T1 FS) theory was first proposed by
Zadeh [39] in 1965 and has been successfully used in
many applications. However, despite having a name that carries
the connotation of uncertainty, research has shown that there are
limitations in the ability of T1 FSs to model and minimize the
effect of uncertainties [10], [11], [20], [36]. This is because a T1
FS is certain in the sense that its membership grades are crisp
values. General type-2 (GT2) fuzzy sets (FSs) [40], characterized by membership grades that are themselves fuzzy, have been
proposed to remedy this problem. GT2 FSs, and their simplified
version, interval type-2 (IT2) FSs, have been shown to outperform T1 FSs in numerous applications [5], [11], [20], [36], [37].
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The similarity between two FSs is a very important concept,
with lots of applications. For example, Turksen and Zhong [27]
proposed an approximate analogical reasoning schema, which
uses an FS similarity measure to determine whether a rule should
be fired, and a modification function inferred from a similarity
measure to deduce a consequent. Setnes et al. [26] used the similarity measure of FSs for fuzzy rule-base simplification, where
similar FSs were merged into a single common FS to replace
them in the rule base. Candan et al. [4] proposed a similaritybased ranking and query-processing approach for multimedia
databases. Mitchell [24] introduced a similarity measure for
GT2 FSs, which was used for formulating classification problems in pattern recognition. Wu and Mendel [32] proposed a
vector similarity measure for linguistic approximation, which
maps the output of a computing-with-words engine into a word
recommendation (linguistic label). They [33] also proposed a
Jaccard similarity measure for IT2 FSs, which is more reliable and faster than the vector similarity measure and, hence, is
more suitable for computing with words. Additionally, Wu and
Mendel [34] proposed a similarity-based perceptual reasoning
approach, which is an approximate reasoning method that can
be used as a computing-with-words engine in perceptual computing [23]. Wagner et al. [29] proposed a nonsingleton fuzzy
logic system, which computes the firing strength of each rule
by the Jaccard similarity between the input and the antecedent
FSs. It was applied to Mackey-Glass time-series predictions
[29] and unmanned aerial vehicle control [8]. Bustince et al. [2]
constructed similarity measures of T1 FSs based on restricted
equivalence functions [1] and applied them to image thresholding. Galar et al. [9] further constructed an interval-valued (IV)
similarity measure for IV FSs, based also on restricted equivalence functions, and applied it to stereo matching of color
images.
Similarity measures for T1 and IT2 FSs have been extensively
studied in the literature [7], [33]. Similarity measures for GT2
FSs1 have also received considerable attention, and there have
been many approaches [12]–[14], [18], [19], [24], [38], [42].
This paper gives a comprehensive overview of them.
The next section will show that a GT2 FS can be represented
equivalently by several different representations. Because the
similarity between two GT2 FSs is an intrinsic property that
should not depend on a particular representation, theoretically it
1 These

GT2 FSs are called “closed” GT2 FSs, as explained in Section II-B.
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should also be computed equivalently using different representations. Unfortunately, none of the existing similarity measures
for GT2 FSs can satisfy this requirement. So, in this paper, we
propose a geometry-based similarity measure for GT2 FSs, motivated from the popular Jaccard similarity measure for T1 and
IT2 FSs, one that can be computed equivalently using different
representations. Theoretical and experimental results verify its
reasonableness.
The remainder of this paper is organized as follows.
Section II briefly introduces some background knowledge on
IT2 and GT2 FSs. Section III reviews existing similarity measures for GT2 FSs. Section IV proposes the Jaccard similarity
measure for GT2 FSs. Section V compares these similarity measures using two examples. Finally, Section VI draws conclusions
and points out some future research directions.
II. BACKGROUND ON IT2 AND GT2 FSS
This section introduces the basic concepts of IT2 and GT2
FSs, which will be used in defining their similarity measures.
A. IT2 FSs
An IT2 FS [20] Ã can be represented as
Ã = {((x, u), μÃ (x, u)) |x ∈ X, u ∈ [0, 1]}
or, in FS notation, as

=
A



μÃ (x, u)/(x, u).

(1)

μÃ (x) and μ̄Ã (x) are called the lower and upper MFs of the
footprint of uncertainty (FOU) of Ã, FOU(Ã), i.e.,
FOU(Ã) = {(x, u)|x ∈ X and u ∈ [μÃ (x), μ̄Ã (x)]}.

(7)

Any T1 FS within the FOU is called an embedded T1 FS. μÃ (x)
and μ̄Ã (x) are also embedded T1 FSs.
An IT2 FS using the vertical slice representation is shown in
Fig. 1(a). Observe that all vertical slices have height 1 because
μÃ (x, u) = 1 for an IT2 FS. The FOU of an IT2 FS conveys
all of the useful information about that FS and is easier to draw
because it is 2-D. The FOU of the IT2 FS in Fig. 1(a) is shown
Fig. 1(b).

(2)
B. Closed GT2 FSs

x∈X u ∈[0,1]

In (1) and (2), x is called the primary variable and has domain
X, u ∈ [0, 1] is called the primary membership or secondary
variable, and μÃ (x, u) is called a T2 membership function (MF)
or secondary grade for Ã, and it always equals 1 for an IT2 FS.
At each value of x, the two-dimensional (2D) plane Ã(x), whose
axes are u and μÃ (x, u), is called a vertical slice [20]; it is a T1
FS whose MF is called a secondary MF, i.e.,

μÃ (x, u)/u.
(3)
μÃ (x) (u) =
u ∈[0,1]

The support of the secondary MF is Ix = {u ∈ [0, 1]|μÃ
(x, u) > 0}. Depending upon whether or not Ix is connected
(i.e., closed, open, or neither), an IT2 FS can assume different
forms [3]. Because existing similarity measures for IT2 FSs
have so far only been developed for closed Ix , in this paper,
we assume that Ix is closed. More specifically, Ix is always an
interval (or a single number, which is a special case of an interval). The extensions of the results in this paper to more general
kinds of IT2 FSs (and GT2 FSs) are proposed as future research
topics in Section VI.
When Ix is closed, it can be described as
Ix = [μÃ (x), μ̄Ã (x)]

Fig. 1. Different representations of an IT2 FS. (a) Vertical slice representation.
(b) Two-dimensional representation.

(4)

where
μÃ (x) = inf{u|u ∈ [0, 1], μÃ (x, u) > 0}

(5)

μ̄Ã (x) = sup{u|u ∈ [0, 1], μÃ (x, u) > 0}

(6)

A GT2 FS [20], [21] Ã is also represented by (2), but now
μÃ (x, u) can be any value in [0, 1], instead of always being 1 as
it is in an IT2 FS. The vertical slice representation of a GT2 FS
is shown in Fig. 2(a). Here, the secondary MF for each x is an
isosceles trapezoid, chosen only for ease of plotting.
A GT2 FS can also be represented by α-planes [22], or zSlices
[30], as shown in Fig. 2(b). These two concepts are very similar.2
In this paper, we use the α-plane terminology.
In the following, we assume that a GT2 FS is closed, which
means that all of its α-planes are closed for α ∈ [0, 1]. This
occurs when the α-cuts of all of the secondary MFs of Ã are
closed. Such secondary MFs do not have to be normal, and
they may have either one apex (e.g., a triangle) or a collection
of adjacent apexes, all of the same membership grade (e.g.,
a trapezoid). It is, therefore, to be understood that “GT2 FS”
always mean “closed GT2 FSs” in this paper.
Let the α-cut [16] on the secondary MF Ã(x) be
Ã(x)α = {u|μÃ (x) (u) ≥ α} ≡ [aα (x), bα (x)].
Then, the α-plane Ãα is


Ãα =
Ã(x)α /x =
[aα (x), bα (x)]/x
x∈X

(8)

(9)

x∈X

2 [20, Table 6.2] compares the α-plane and zSlice descriptions. [20] also
recommends using horizontal slices to denote them because it complements
vertical slices and wavy slices [21] (another popular representation of GT2 and
IT2 FSs; the wavy slice representation is not introduced in this paper because it
is not needed here).
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α/(x, aα (x))

(13)

α/(x, bα (x)).

(14)

α ∈[0,1] x∈X


Ã¯ =



α ∈[0,1] x∈X

In practice, it is much more complicated to construct GT2
FSs [28] than T1 or IT2 FSs [35]. For convenience, frequently,
the secondary MF for each x is chosen as an isosceles trapezoid,
as shown in Fig. 2(a). Such GT2 FSs can also be conveniently
plotted in 2-D, as in Fig. 2(f). The solid curves represent the
boundary of Ã0 , and the light green area represents Ã1 . The
α-planes in-between are interpolated linearly. The blue and red
shades in Fig. 2(f) are the projections of the upper and lower
surfaces in Fig. 2(c) into the xu plane, respectively.
III. EXISTING SIMILARITY MEASURES FOR CLOSED GT2 FSS
This section gives a comprehensive overview of existing similarity measures for closed GT2 FSs, in the order of the year they
were proposed. Their main formulas are summarized in Table I,
and the details are explained in the following subsections. To
the best of our knowledge, no similarity measures have been
published for nonclosed GT2 FSs (as of August 2017).
Similarity of Ã and B̃ makes use of Ã(x)α in (9) and B̃(x)α ,
where
Fig. 2. Different representations of a closed GT2 FS. (a) Vertical slice representation. (b) α-plane, zSlice, or horizontal slice representation. (c) Surface
representation in 3-D. (d) Upper surface. (e) Lower surface. (f) Surface representation in 2-D.

and the α-plane representation of Ã is


Ã =

α/Ãα .

(10)

α ∈[0,1]

In this paper, we also introduce a surface representation of
GT2 FSs, as shown in Fig. 2(c). A GT2 FS Ã is bounded from
the outside by an upper surface Ã¯ [shown in red in Fig. 2(c), and
also separately in Fig. 2(d)] and by a lower surface Ã [shown in
blue in Fig. 2(c), and also separately in Fig. 2(e)].
In terms of the vertical slice representation, the lower (upper)
surface is spanned by the portion of the vertical slices that have
smaller (larger) u than their corresponding apexes, i.e.,
Ã =





μÃ (x, u)/(x, u)

(11)

x∈X u ∈[a 0 (x),a 1 (x)]


Ã¯ =



B̃(x)α = {u|μB̃ (x) (u) ≥ α} ≡ [cα (x), dα (x)].

(15)

A. Hung and Yang’s (HY) Similarity Measure
Hung and Yang [13] proposed two similarity measures for
GT2 FSs in 2004.
Let U and V be crisp sets, and U λ and V λ be the crisp points
within distance λ of them, respectively, i.e., if U = [l, r], then
U λ = [l − λ, r + λ]. The Hausdorff distance between U and V
is defined as
H(U, V ) = max{L(U, V ), L(V, U )}

(16)

L(U, V ) = inf{λ ≥ 0|V ⊂ U λ }.

(17)

where

Let A and B be two T1 FSs, and Aα j and Bα j be their α-cuts
at α = αj (j = 1, . . . , m), respectively. Then, the Hausdorff
distance between A and B is defined as [6]
m
j =1 αj H(Aα j , Bα j )
m
.
(18)
dH (A, B) =
i=1 αj
Define the distance between two GT2 FSs Ã and B̃ as [17]
1
dH (Ã(xi ), B̃(xi )).
n i=1
n

μÃ (x, u)/(x, u).

(12)

x∈X u ∈[b 1 (x),b 0 (x)]

In terms of the α-plane representation, the lower (upper) surface is spanned by all lower membership functions
(LMFs) (upper membership functions—UMFs) of different

d(Ã, B̃) =

(19)

Then, Hung and Yang’s [13] first similarity measure for GT2
FSs is
sHY,1 (Ã, B̃) = 1 − d(Ã, B̃).

(20)
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TABLE I
SIMILARITY MEASURES OF CLOSED GT2 FSS

Hung and Yang’s [13] second similarity measure for GT2
FSs is
sHY,2 (Ã, B̃) = 1 −

1 − exp(−d(Ã, B̃))
.
1 − exp(−1)

I(Ã, B̃) = 

Mitchell [24] proposed a similarity measure for GT2 FSs in
2005. Assume that the primary domain of GT2 FSs Ã and B̃
has been discretized into n points x1 , . . . , xn . He first identified Ã0 and M random embedded T1 FSs {Aej }j =1,...,M within
it. Similarly, he also identified N random embedded T1 FSs
{Bke }k =1,...,N within B̃0 . Next, he defined the similarity between Ã and B̃ as a weighted average
M N
j =1

e
e
k =1 wj k · s(Aj , Bk )
M N
j =1
k =1 wj k

(22)

where s(Aej , Bke ) can be any similarity measure between T1
FSs Aej and Bke , and wj k is a weight equal to the t-norm of the
secondary membership grades

wj k = t μÃ (x1 , uA ej (x1 )), . . . , μÃ (xn , uA ej (xn )),


μB̃ (x1 , uB ke (x1 )), . . . , μB̃ (xn , uB ke (xn )) .

Hwang et al. [14] proposed a similarity measure for GT2 FSs
in 2011. They first defined an inclusion measure

(21)

B. Mitchell’s (M) Similarity Measure

sM (Ã, B̃) =

D. Hwang, Yang, Hung, and Lee’s (HYHL) Similarity Measure

1
x∈X dx

where m is a fuzzy measure. Then, Hwang et al.’s similarity
measure is
sHYHL (Ã, B̃) = min(I(Ã, B̃), I(B̃, Ã)).

(26)

Hwang et al. [14] showed that sHYHL (Ã, B̃) may be better than
sHY,1 (Ã, B̃) and sYL (Ã, B̃). However, it is not clear how the
fuzzy measure m can be determined, which hinders (26)’s wider
adoption.
E. McCulloch, Wagner, and Aickelin’s (MWA)
Similarity Measure
McCulloch et al. [19] proposed a similarity measure for GT2
FSs in 2013 based on α-planes (zSlices)


(23)
sMWA (Ã, B̃) =

C. Yang and Lin’s (YL) Similarity Measures
Yang and Lin [38] proposed a similarity measure for GT2
FSs in 2009. Its discrete form is
sYL (Ã, B̃)
n m
1  j =1 min{uj · μÃ (xi , uj ), uj · μB̃ (xi , uj )}

=
(24)
n i=1 m
j =1 max{uj · μÃ (xi , uj ), uj · μB̃ (xi , uj )}
where uj , j = 1, . . . , m, are uniformly located in [0, 1].

x∈X

 b (x)
 d (x)
min{ a 00(x) μÃ (x)dm, c 00(x) μB̃ (x)dm}
dx (25)
 b 0 (x)
μ
(x)dm
a 0 (x) Ã

k ∈r ( Ã , B̃ )



αk · sλ (Ãα k , B̃α k )

k ∈r ( Ã , B̃ )

αk

(27)

where r(Ã, B̃) = {αk |Ãα k = ∅, or B̃α k = ∅} is the union set
of α in Ã and B̃, and sλ can be any similarity measure for IT2
FSs, e.g., the Jaccard similarity measure [33], or any of those
summarized in [33, Sec. 4].
F. Zhao, Xiao, Li, and Deng’s (ZXLD) Similarity Measure
Zhao et al. [42] proposed a similarity measure for GT2 FSs
in 2014 based on α-planes. They first defined the similarity
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between two GT2 FSs as a T1 FS

is a similarity measure for IT2 FSs


s̃ZXLD (Ã, B̃)
=

p


s(Ãα k , B̃α k ) =

αk / sL (Ã, B̃, αk ), sR (Ã, B̃, αk )
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(28)

sλ (Ãα k , B̃α k ), Ãα k = ∅ and B̃α k = ∅
0,
otherwise.
(34)

k =1

where


min(aα k (x), cα k (x))dx
sL (Ã, B̃, αk ) = min  x∈X
,
x∈X max(aα k (x), cα k (x))dx


min(bα k (x), dα k (x))dx
 x∈X
(29)
x∈X max(bα k (x), dα k (x))dx

min(aα k (x), cα k (x))dx
sR (Ã, B̃, αk ) = min  x∈X
,
max(a
α k (x), cα k (x))dx
x∈X


min(bα k (x), dα k (x))dx
 x∈X
. (30)
x∈X max(bα k (x), dα k (x))dx

They then computed a crisp similarity measure3 from s̃ZXLD
(Ã, B̃) as sZXLD (Ã, B̃) in Table I. Observe that sZXLD (Ã, B̃)
is actually the average of the Jaccard similarity measures for
different α-planes.
G. Hao and Mendel’s (HM) Similarity Measure

p


αk /sJ (Ãα k , B̃α k )

(31)

k =1

where sJ (Ãα k , B̃α k ) is the Jaccard similarity measure between
two IT2 FSs [33].
A crisp similarity measure can then be obtained as [12]
p
αk · sJ (Ãα k , B̃α k )
.
(32)
sHM (Ã, B̃) = k =1 p
k =1 αk
Observe that sHM (Ã, B̃) is essentially the same as sMWA (Ã, B̃)
in (27), when the Jaccard similarity measure for IT2 FSs is used
as sλ in (27).
H. McCulloch and Wagner’s (MW) Similarity Measure
McCulloch and Wagner [18] proposed a similarity measure
for GT2 FSs in 2016, based on α-planes (zSlices)

k ∈r ( Ã , B̃ ) αk · s(Ãα k , B̃α k )

sMW (Ã, B̃) =
(33)
k ∈r ( Ã , B̃ ) αk
where r(Ã, B̃) = {αk |Ãα k = ∅, or B̃α k = ∅} is again the
union set of α in Ã and B̃, as explained for sMWA (Ã, B̃), and s
ZXLD ( Ã, B̃) in Table I is the centroid
of s̃ZXLD (Ã, B̃), actually it is not. And the connection between s̃ZXLD (Ã, B̃)
and sZXLD (Ã, B̃) was not explained clearly in [42].
3 Though Zhao et al. [42] claimed that s

IV. JACCARD SIMILARITY MEASURE FOR GT2 FSS
This section points out the limitations of existing similarity
measures for GT2 FSs, proposes a geometric explanation of the
popular Jaccard similarity measure for T1 and IT2 FSs, and
extends it to GT2 FSs. It also shows that the Jaccard similarity
measure for GT2 FSs satisfies the four properties of a similarity
measure proposed in [32] and [33].
A. Limitations of Existing Similarity Measures for GT2 FSs

Hao and Mendel [12] proposed a similarity measure for GT2
FSs in 2014 based on α-planes. They first defined the similarity
as a T1 FS
s̃HM (Ã, B̃) =

Observe that the only difference between sMW (Ã, B̃) and
sMWA (Ã, B̃) is the similarity measure for IT2 FSs used in them.
When the secondary MFs of Ã and/or B̃ do not have equal
heights, Ãα k = ∅ or B̃α k = ∅ for certain αk , and sλ (Ãα k , B̃α k )
in (27) is undefined; however, s(Ãα k , B̃α k ) in (34) is defined
(equals 0), so sMW (Ã, B̃) can handle GT2 FSs whose secondary
MFs may have different heights or be subnormal, whereas
sMWA (Ã, B̃) cannot.

Nine existing similarity measures for GT2 FSs have been
introduced in the previous section. Among them, Mitchell’s
similarity measure is special because it involves random sampling. As a result, its output is not deterministic, and generally, sM (Ã, Ã) = 1, both of which are counterintuitive. The
other eight similarity measures all utilize some slices in their
computation.
1) The HY, YL, and HYHL similarity measures first cut
the two GT2 FSs into vertical slices at different x, then
compute the similarity (or distance) between each vertical
slice pair (which belongs to the same x), and, finally,
aggregate these similarities (or distances).
2) The MWA, ZXLD, HM, and MW similarity measures
first cut the two GT2 FSs into α-planes at different α,
then compute the similarity between each α-plane pair
(which belongs to the same α), and, finally, aggregate
these similarities.
Fig. 2 shows that each GT2 FS can be represented equivalently
by vertical slices or α-planes, so, theoretically, the similarity
measure between two GT2 FSs should be computed equivalently using both vertical slices and α-planes, as we pointed
out in Section I. Unfortunately, none of the existing similarity measures for GT2 FSs can be computed using both slices:
each of them is exclusive to a specific representation and cannot be computed using the other representation. The HY, YL,
and HYHL similarity measures cannot be computed using the
α-plane representation, and the MWA, ZXLD, HM, and MW
similarity measures cannot be computed using the vertical slice
representation. So, next, we propose a geometry-based similarity measure for GT2 FSs that gives the same result whether it is
computed using the vertical slices or α-planes.
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Fig. 4. Geometric illustration of the Jaccard similarity for T1 FSs: the volume
perspective. (a) Ã and B̃. (b) (Ã ∩ B̃)v as the green volume. (c) (Ã ∪ B̃)v as
the green volume.
Fig. 3. Geometric illustration of the Jaccard similarity for T1 FSs: the area
perspective. (a) A and B. (b) (A ∩ B)a . (c) (A ∪ B)a .

C. Jaccard Similarity Measure for IT2 FSs
B. Jaccard Similarity Measure for T1 FSs
The Jaccard similarity measure for T1 FSs, arguably the most
widely used such similarity measure, is [15]
n
min(uA (xi ), uB (xi ))

sJ,T 1 (A, B) = ni=1
.
(35)
max(u
A (xi ), uB (xi ))
i=1
Interestingly, this similarity measure can be understood geometrically by viewing each T1 FS as an area in the 2-D plane of x
and u, as shown in Fig. 3(a). Let (A ∩ B)a be the common area
of A and B, as shown in Fig. 3(b), and (A ∪ B)a be the area
of their union, as shown in Fig. 3(c). Then, sJ,T 1 (A, B) above
equals the ratio of the common area to the union area (when
integrals are discretized), i.e.,
saJ,T 1 (A, B) =

(A ∩ B)a
.
(A ∪ B)a

(36)

A T1 FS A can also be viewed as a special GT2 FS Ã
=
A

1/(x, uA (x))

(37)

x∈X

as shown in Fig. 4(a). Let (Ã ∩ B̃)v be the common volume
of Ã and B̃, which is a triangular prism with height 1, shown
as the shape shaded in green in Fig. 4(b). Let (Ã ∪ B̃)v be the
volume of the union of Ã and B̃, which is a column with height
1, shown as the shape shaded in green in Fig. 4(c). Because the
triangular prism has height 1, numerically (Ã ∩ B̃)v = (A ∩
B)a . Similarly, numerically, (Ã ∪ B̃)v = (A ∪ B)a . So, from
the volume perspective, we can re-express the Jaccard similarity
measure as
svJ,T 1 (Ã, B̃) =

(Ã ∩ B̃)v
,
(Ã ∪ B̃)v

(38)

which is the ratio of the common volume to the union volume.
It is easy to see that svJ,T 1 (Ã, B̃) equals saJ,T 1 (A, B).

The Jaccard similarity measure for two IT2 FSs can also
be understood from the area perspective and the volume
perspective.
When we ignore the secondary membership grades of an IT2
FS Ã, it can be plotted in the 2-D space of x and u and bounded
from above and below by T1 FSs ūÃ and uÃ , as shown in
Fig. 1(b). By considering both shape and proximity information,
the Jaccard similarity measure for two IT2 FSs Ã and B̃, that is
defined in [33], can be interpreted from the area perspective as
saJ,I T 2 (Ã, B̃) =

(uÃ ∩ uB̃ )a + (ūÃ ∩ ūB̃ )a
(uÃ ∪ uB̃ )a + (ūÃ ∪ ūB̃ )a

(39)

where (uÃ ∩ uB̃ )a is the common area of uÃ and uB̃ , (ūÃ ∩
ūB̃ )a is the common area of ūÃ and ūB̃ , (uÃ ∪ uB̃ )a is the
area of the union of uÃ and uB̃ , and (ūÃ ∩ ūB̃ )a is the area of
the union of ūÃ and ūB̃ . In short, saJ,I T 2 (Ã, B̃) is the ratio of
the average common area of the intersections of the lower and
upper surfaces to the corresponding average common area of
their unions.
From the volume perspective, the Jaccard similarity measure
for two IT2 FSs Ã and B̃ can be re-expressed as
svJ,I T 2 (Ã, B̃) =

¯
(Ã ∩ B̃)v + (Ã¯ ∩ B̃)
v
¯
¯
(Ã ∪ B̃) + (Ã ∪ B̃)
v

(40)

v

where (Ã ∩ B̃)v is the common volume of the two lower surfaces Ã and B̃, and (Ã ∪ B̃)v is the volume of their union.
¯ can be computed similarly to that in
(Ã ∩ B̃)v and (Ã¯ ∩ B̃)
v
¯ can be computed simiFig. 4(b), and (Ã ∪ B̃)v and (Ã¯ ∪ B̃)
v
¯ , (Ã ∪ B̃) ,
larly to that in Fig. 4(c). Each of (Ã ∩ B̃)v , (Ã¯ ∩ B̃)
v
v
¯
¯
and (Ã ∪ B̃)v is a column with height 1, so, numerically,
¯ = (ū ∩ ū ) ,
we have (Ã ∩ B̃)v = (uÃ ∩ uB̃ )a , (Ã¯ ∩ B̃)
v
Ã
B̃ a
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Fig. 5. Geometric illustration of the Jaccard similarity for GT2 FSs. (a) Ã and
¯ . (c) (Ã¯ ∪ B̃)
¯ .
B̃. (b) (Ã¯ ∩ B̃)
v
v

¯ = (ū ∪ ū ) , i.e.,
(Ã ∪ B̃)v = (uÃ ∪ uB̃ )a , and (Ã¯ ∪ B̃)
v
Ã
B̃ a
v
a
sJ,I T 2 (Ã, B̃) = sJ,I T 2 (Ã, B̃).

¯
(Ã ∩ B̃)v + (Ã¯ ∩ B̃)
v
¯
¯
(Ã ∪ B̃) + (Ã ∪ B̃)
v


|X|
[max(bα k (xi ), dα k (xi ))
2n(p − 1)
i=1
p−1

n

k =1

From the previous two subsections, we see that the Jaccard
similarity measure for T1 and IT2 FSs can be understood from
an area perspective and a volume perspective, and they give
equivalent results. However, a GT2 FS is always 3-D (the secondary MF cannot be ignored), so, for it, we can only use the
volume perspective.
We formally define the Jaccard similarity measure for GT2
FSs as
sJ (Ã, B̃) ≡

When the α-plane representation in (13) and (14) is used,
sJ (Ã, B̃) can be computed using (42) shown at the bottom
¯ shown in Fig. 5(c), we next ilof this page. Using Ã¯ and B̃
¯
¯
lustrate why, e.g., (Ã ∪ B̃)v [the green volume in Fig. 5(c)]
n
| p
can be approximately computed by |X
i=1 max(bα k
k =1
np
(xi ), dα k (xi )); however, the idea also holds for the other three
terms in (42).
Let p be the number of equally spaced α in [0, 1], and αk be the
kth α (k = 1, . . . , p). Then, the light green volume in Fig. 5(c)
is the sum of p − 1 subvolumes between the αk and αk +1
planes (k = 1, . . . , p − 1), respectively. Two such subvolumes
for k = 1 and k = 3 (p = 11) are shown in Fig. 6(a) and (b),
respectively. Let n be the number of equally spaced samples in
the x domain, and xi be the ith sample (i = 1, . . . , n). Then, the
primary membership grade of (xi , α1 ) on the intersection of the
¯ is max(b (x ), d (x )), shown as the
upper surfaces Ã¯ and B̃
α1
i
α1
i
corresponding black line in the dark green region of Fig. 6(a).
Geometrically, the dark green subvolume in Fig. 6(a) can
n
|
be approximated by 2n |X
i=1 [max(bα 1 (xi ), dα 1 (xi )) +
(p−1)
max(bα 2 (xi ), dα 2 (xi ))], and the dark green subvolume
n
|
in Fig. 6(b) by 2n |X
i=1 [max(bα 2 (xi ), dα 2 (xi )) +
(p−1)
max(bα 3 (xi ), dα 3 (xi ))]. Consequently, the light green volume
¯ , can be approximated as
in Fig. 5(c), which is (Ã¯ ∪ B̃)
v
¯ =
(Ã¯ ∪ B̃)
v

D. Jaccard Similarity Measure for GT2 FSs
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(41)

v

¯
where (Ã ∩ B̃)v is the common volume of Ã and B̃, (Ã¯ ∩ B̃)
v
¯
¯
is the common volume of Ã and B̃, as shown in Fig. 5(b),
¯
(Ã ∪ B̃)v is the volume of the union of Ã and B̃, and (Ã¯ ∪ B̃)
v
¯
¯
is the volume of the union of Ã and B̃, as shown in Fig. 5(c).
Note that sJ (Ã, B̃) uses the surface representation depicted
in Fig. 2(c). It is conceptually intuitive, but cannot be computed
directly. To compute sJ (Ã, B̃), we need to translate the surface
representation to either the vertical slice representation or the
α-plane representation.

+ max(bα k + 1 (xi ), dα k + 1 (xi ))].

(44)

In practice, it is more convenient to write (44) as
¯ = |X|   max(b (x ), d (x )).
(Ã¯ ∪ B̃)
v
αk
i
αk
i
np
i=1
p

n

(45)

k =1

When p is large, (44) and (45) give almost identical outputs.
When the same {xi }ni=1 and {αk }pk =1 are used in all four terms
|
of sJ (Ã, B̃), all of them have an identical scaling factor |X
np ,
which can be canceled out. That is why, we can replace (Ã¯ ∪
¯ in (41) by p n max(b (x ), d (x )) in (42).
B̃)
v

k =1

i=1

αk

i

αk

i

When the same {αk }pk =1 and {xi }ni=1 in the α-plane representation above are used in the vertical slice representation [(11) and (12)], sJ (Ã, B̃) can be computed using (43)
¯ in
shown at the bottom of this page. Using the Ã¯ and B̃
¯ can be represented
Fig.5(c), 
Fig. 7 illustrates why (Ã¯ ∪ B̃)
v
p
n
by k =1 i=1 max(aα k (xi ), cα k (xi )) in (43) (scaling factor
¯ , the light green volcanceled out). The idea is that (Ã¯ ∪ B̃)
v
ume in Fig. 5(c), is the sum of the subvolumes corresponding to
different vertical slices, two of which are shown in Fig. 7.

p


[ ni=1 min(aα k (xi ), cα k (xi )) + ni=1 min(bα k (xi ), dα k (xi ))]
k
=1
n
n
sJ (Ã, B̃) = p
i=1 max(aα k (xi ), cα k (xi )) +
i=1 max(bα k (xi ), dα k (xi ))]
k =1 [
n p
p
[
min(aα k (xi ), cα k (xi )) + k =1 min(bα k (xi ), dα k (xi ))]
p
sJ (Ã, B̃) = ni=1 pk =1
[
max(a
α k (xi ), cα k (xi )) +
i=1
k =1
k =1 max(bα k (xi ), dα k (xi ))]

(42)
(43)
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¯ by α-planes.
Fig. 6. Geometric illustration of the computation of (Ã¯ ∪ B̃)
v
(a) Subvolume between α 1 = 0 and α 2 = 0.1 planes. (b) Subvolume between
α 3 = 0.2 and α 4 = 0.3 planes.

¯ by vertical
Fig. 7. Geometric illustration of the computation of (Ã¯ ∪ B̃)
v
slices. (a) Subvolume between x1 = 0 and x2 . (b) Subvolume between x2 and
x3 .

The following observations can be made from (42) and (43).
1) Equations (42) and (43) are equivalent.
2) When the GT2 FSs downgrade to IT2 or T1 FSs, the
Jaccard similarity measure for GT2 FSs reduces to the
corresponding Jaccard similarity measure for IT2 or T1
FSs.
3) Although sJ (Ã, B̃) in (42) looks similar to sZXLD (Ã, B̃)
in Table I, they are not the same. sJ (Ã, B̃) in (42) is a
ratio of volumes, and sZXLD (Ã, B̃) in Table I is an average of individual Jaccard similarity measures for different
α-planes. Generally, these two quantities are not equal
(although they may be close), as we will see in the next
section. More importantly, the rationales behind these two
definitions are fundamentally different.

sure for FSs must simultaneously handle shape and proximity.
Motivated by this principle, the following four properties (requirements) of similarity measures for GT2 or IT2 FSs have
been proposed in the literature [32], [33] and are used in this
paper.
P1. Reflexivity: s(Ã, B̃) = 1 ⇔ Ã = B̃.
P2. Symmetry: s(Ã, B̃) = s(B̃, Ã).
P3. Transitivity4 : If Ã ≤ B̃ ≤ C̃, then s(Ã, B̃) ≥ s(Ã, C̃).
P4. Overlapping5 : If Ã ∩ B̃ = ∅, then s(Ã, B̃) > 0; otherwise, s(Ã, B̃) = 0.
The Jaccard similarity measure for T1 and IT2 FSs satisfy
these four properties [33]. Similarly, we have the following
theorem, whose proof is given in the Appendix.
Theorem 1: sJ (Ã, B̃) in (41) satisfies reflexivity, symmetry,
transitivity, and overlapping.


E. Properties of sJ (Ã, B̃)
When two real-world 3-D objects are compared by means of
similarity, their proximity is not important, only their shape is
important. For GT2 FSs (as well as for T1 and IT2 FSs), shape
and proximity are both important, so any useful similarity mea-

4 Ã

∀u.

≤ B̃ if μ Ã (x, u) ≤ μ B̃ (x, u) and μ Ã (x, u) ≤ μ B̃ (x, u) for ∀x and

5 Ã ∩ B̃ = ∅, i.e., Ã and B̃ overlap, if ∃x and ∃u such that
min(μ Ã (x, u), μ B̃ (x, u)) > 0. Ã ∩ B̃ = ∅, i.e., Ã and B̃ do not overlap,
if min(μ Ã (x, u), μ B̃ (x, u)) = min(μ Ã (x, u), μ B̃ (x, u)) = 0 ∀x and ∀u.
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Fig. 9. GT2 FSs used in Example 2. The solid curves indicate the α-planes at
α = 0, and the dashed curves indicate the α-planes at α = 1.
TABLE III
SIMILARITIES BETWEEN THE GT2 FSS SHOWN IN FIG. 9
Fig. 8. (a)–(d) GT2 FSs used in Example 1. In each subfigure, the blue curves
represent GT2 FS Ã, and the red curves B̃. For each GT2 FS, the solid blue or
red curves represent the α-plane at α = 0, and the dashed blue or red curves
represent the corresponding α-plane at α = 1. Ã and B̃ are identical in (a).

TABLE II
SIMILARITIES OF THE GT2 FSS SHOWN IN FIG. 8, COMPUTED FROM
DIFFERENT APPROACHES

V. EXAMPLES AND DISCUSSIONS
Two examples are presented in this section to compare the
different similarity measures for GT2 FSs. Note that we do not
include sHYHL (Ã, B̃) because it uses a fuzzy measure, but it is
not clear how the fuzzy measure should be determined, so we
were not able to implement it.
A. Example 1
In this example, we constructed Ã as the blue GT2 FSs in
Fig. 8, and B̃ as the red GT2 FSs. For each GT2 FS, the solid
blue or red curves represent the α-plane at α = 0, and the dashed
blue or red curves represent the corresponding α-plane at α = 1.
The α-planes in-between were interpolated linearly. The dashed
curves consist of the middle points of the LMFs and UMFs at
α = 0, i.e., a1 (x) = b1 (x) = 0.5[a0 (x) + b0 (x)], meaning that
the secondary MFs are all isosceles triangles.
The corresponding similarities between Ã and B̃, computed
from different approaches, are given in Table II. Observe the
following.
1) sHY,1 , sHY,2 , and sYL gave positive similarities even when
Ã and B̃ do not overlap at all, which is counterintuitive.
Moreover, they all gave larger similarities for the two GT2
FSs shown in Fig. 8(d) than those two shown in Fig. 8(c),
which is even more counterintuitive.
2) sM gave a similarity of 0.6454 for identical Ã and B̃ in
Fig. 8(a), which is counterintuitive.

3) sMWA , sMW , sHM , sZXLD , and sJ all gave reasonable similarities, and their results were very close. In fact, sMWA ,
sMW , and sHM are identical when both Ã and B̃ have
normal secondary MFs at every vertical slice, as can be
established from their formulas in Table I.
B. Example 2
In this example, we picked five IT2 FS word models, which
were distributed roughly uniformly in [0, 10] and were constructed using the enhanced interval approach [35]. The FOUs
of the five IT2 FSs were used as the α = 0 α-plane, and the
secondary MFs had their bases pinned to the LMF and UMF of
the FOU to obtain GT2 FSs.
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We constructed the secondary MF of the GT2 FSs as a1 (x) =
b1 (x) = 0.1a0 (x) + 0.9b0 (x), i.e., the apexes of the secondary
MFs were much closer to the UMF of the α = 0 α-plane than
to the LMF. The α-planes at α = 1 are shown in Fig. 9 as
the dashed curves, and the resulting similarity measures are
shown in Table III. Observe that sHY,1 , sHY,2 , sM , and sYL still
gave the counterintuitive results as explained in the previous
example. The results of sMWA , sMW , sHM , sZXLD , and sJ were
more reasonable and are again very close to each other.
C. Summary
From the above two examples, we can observe that sJ may
be close to sMWA , sMW , sHM , and sZXLD ; however, sJ is constructed based on a fundamentally different principle than them:
it uses the geometries of the surface representation, which can be
translated to both the vertical slice and α-plane representations,
and gives the same result regardless of which representation is
used, whereas the others use the α-plane representation, and
they cannot be computed using the vertical slice representation.
VI. CONCLUSION AND FUTURE RESEARCH
In this paper, we have given a comprehensive overview of
existing similarity measures for GT2 FSs, pointed out their limitations, and proposed a new similarity measure for closed GT2
FSs. The latter is an extension of the popular Jaccard similarity
measure for T1 and IT2 FSs to GT2 FSs, one that uses a novel
geometric explanation. The fundamental difference between the
proposed Jaccard similarity measure for GT2 FSs and all existing similarity measures is that the Jaccard similarity measure
focuses on the overall geometries of two GT2 FSs and does
not depend on a specific representation of them, whereas all
existing similarity measures for GT2 FSs depend either on their
vertical slice or α-plane representations. We have shown that the
Jaccard similarity measure for GT2 FSs satisfies four properties of a similarity measure and demonstrated its reasonableness
using two examples. The geometric approach proposed in this
paper may also be useful in defining subsethood measures [25]
and uncertainty measures [31], [41] for closed GT2 FSs, which
is one of our future research directions.
As pointed out in Section II-A, an IT2 FS can assume different
forms depending on how Ix is defined. Theoretically, a GT2 FS
can also assume different forms depending on how Ix is defined.
The one shown in Fig. 2, in which each α-plane is closed, and
each vertical slice is T1 FS that has closed α-cuts (but is not
necessarily normal), is to date the only form of GT2 FS that
has appeared in the literature and used in practice. However,
theoretically, GT2 FSs may also be nonclosed, as shown in
Fig. 10 , where, in each subfigure, the shaded volumes belong
to a single GT2 FS instead of two separate GT2 FSs.
When some α-cuts of the secondary MFs of Ã and B̃ are
not closed, those similarity measures based on α-planes (sMWA ,
sMW , sHM , and sZLD ) cannot be used because now some αplanes will be multi-IV FSs, and no similarity measures for such
FSs exist. Whether or not the other four existing similarity
measures (sHY,1 , sHY,2 , sM , and sYL ) can be used for nonclosed GT2 FSs is unclear, but that is not important, because

Fig. 10. Nonclosed GT2 FSs. (a) Each α-plane is a connected multi-IV FS,
and some vertical slices consist of multiple intervals. (b) Each α-plane consists
of multiple unconnected IV FSs, and each vertical slice consists of multiple
intervals.

we have shown that they have other serious problems, so their
results will not be good anyway. Our proposed Jaccard similarity measure in (41) cannot be used for such nonclosed GT2
FSs either because now it is difficult to define the upper and
lower surfaces. So, another future research direction is to extend the similarity measures for closed GT2 FSs to nonclosed
GT2 FSs. However, because similarity measures for GT2 FSs
build upon similarity measures for IT2 FSs, we may need to
develop similarity measures for nonclosed IT2 FSs first.
Finally, we defined the similarity measure for GT2 FSs as
a crisp number in this paper, as, to our knowledge, almost all
existing applications of similarity measures (such as those introduced in the second paragraph of Section I, except [9]) used only
crisp similarity measures. However, theoretically, the similarity
measure of GT2 FSs may also be defined as a T1 FS, which
can capture more uncertainties and, hence, may be preferred in
certain applications. How to define such a similarity measure
for GT2 FSs using the geometric approach is also an interesting
future research direction.
APPENDIX
PROOF OF THEOREM 1
To simplify the proof, we rewrite (42) as (46) shown at the
top of the next page. The four properties are proved next.
P1. Reflexivity: Consider first the necessity, i.e., sJ (Ã,
B̃) = 1 ⇒ Ã = B̃. For GT2 FSs Ã and B̃, min(aα k
(xi ), cα k (xi )) < max(aα k (xi ), cα k (xi )); hence, the
only way that sJ (Ã, B̃) = 1 is when min(aα k (xi ), cα k
(xi )) = max(aα k (xi ), cα k (xi )) and min(bα k (xi ), dα k
(xi )) = max(bα k (xi ), dα k (xi )), in which case aα k (xi )
= cα k (xi ) and bα k (xi ) = dα k (xi ), i.e., Ã = B̃.
Consider next the sufficiency, i.e., Ã = B̃ ⇒ sJ (Ã,
B̃) = 1. When Ã = B̃, i.e., aα k (xi ) = cα k (xi ) and
bα k (xi ) = dα k (xi ), it follows that min((aα k (xi ), cα k
(xi )) = max(aα k (xi ), cα k (xi )) and min(bα k (xi ), dα k
(xi )) = max(bα k (xi ), dα k (xi )). Consequently, it follows from (46) that sJ (Ã, B̃) = 1.
P2. Symmetry: Observe from (46) that sJ (Ã, B̃) does not depend on the order of Ã and B̃; so, sJ (Ã, B̃) = sJ (B̃, Ã).
P3. Transitivity: Denote the α-cut on the secondary MF
C̃(x) of GT2 FS C̃ as C̃(x)α = {u|μC̃ (x) (u) ≥ α} ≡
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p n
[min(aα k (xi ), cα k (xi )) + min(bα k (xi ), dα k (xi ))]
sJ (Ã, B̃) = pk =1 ni=1
[max(a
α k (xi ), cα k (xi )) + max(bα k (xi ), dα k (xi ))]
i=1
k =1
p n
p n
[min(aα k (xi ), cα k (xi )) + min(bα k (xi ), dα k (xi ))]
[aα k (xi ) + bα k (xi )]
sJ (Ã, B̃) = pk =1 ni=1
= kp =1 i=1
n
i=1 [max(aα k (xi ), cα k (xi )) + max(bα k (xi ), dα k (xi ))]
i=1 [cα k (xi ) + dα k (xi )]
k =1
k =1
p n
p n
[min(aα k (xi ), eα k (xi )) + min(bα k (xi ), fα k (xi ))]
[aα k (xi ) + bα k (xi )]
sJ (Ã, C̃) = pk =1 ni=1
= kp =1 i=1
n
i=1 [max(aα k (xi ), eα k (xi )) + max(bα k (xi ), fα k (xi ))]
i=1 [eα k (xi ) + fα k (xi )]
k =1
k =1
[eα (x), fα (x)]. If Ã ≤ B̃ ≤ C̃, then we have (47) and
(48) shown at the top of this page.


Because B̃ ≤
it
follows that pk =1 ni=1 [cα k (xi ) +
C̃,
dα k (xi )] ≤ pk =1 ni=1[eα k (xi ) +fα k (xi )], and hence
sJ (Ã, B̃) ≥ sJ (Ã, C̃).
P4. Overlapping: If Ã ∩ B̃ = ∅, then ∃xi and ∃αk such that
min(bα k (xi ), dα k (xi )) > 0. So, the numerator of (46)
is larger than 0, and the denominator of (46) is also
larger than 0. Consequently, sJ (Ã, B̃) > 0. On the other
hand, when Ã ∩ B̃ = ∅, i.e., min(bα k (xi ), dα k (xi )) =
min(aα k (xi ), cα k (xi )) = 0 for ∀xi and ∀αk , then the
numerator of (46) becomes 0. Consequently, sJ (Ã, B̃) =
0.
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