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Similarity Measures for Closed General Type-2
Fuzzy Sets: Overview, Comparisons, and a
Geometric Approach

Dongrui Wu

Abstract—The similarity between two fuzzy sets (FSs) is an im-
portant concept in fuzzy logic. As the research interest on general
type-2 (GT2) FSs has increased recently, many similarity measures
for them have also been proposed. This paper gives a comprehen-
sive overview of existing similarity measures for GT2 FSs, points
out their limitations, and, by using an intuitive geometric expla-
nation, proposes a Jaccard similarity measure for GT2 FSs that is
an extension of the popular Jaccard similarity measure for type-1
and interval type-2 FSs. The fundamental difference between the
proposed Jaccard similarity measure for GT2 FSs and all existing
similarity measures is that the Jaccard similarity measure consid-
ers the overall geometries of two GT2 FSs and does not depend
on a specific representation of the GT2 FSs, whereas all existing
similarity measures for GT2 FSs depend either on the vertical slice
representation or the a-plane representation. We show that the
Jaccard similarity measure for GT2 FSs satisfies four properties
of a similarity measure and demonstrate its reasonableness using
two examples.

Index Terms—General type-2 fuzzy sets (GT2 FSs), interval
type-2 fuzzy sets (IT2 FSs), similarity measure, type-1 fuzzy sets
(T1 FSs).

1. INTRODUCTION

YPE-1 fuzzy set (T1 FS) theory was first proposed by
T Zadeh [39] in 1965 and has been successfully used in
many applications. However, despite having a name that carries
the connotation of uncertainty, research has shown that there are
limitations in the ability of T1 FSs to model and minimize the
effect of uncertainties [10], [11], [20], [36]. This is because a T1
FS is certain in the sense that its membership grades are crisp
values. General type-2 (GT2) fuzzy sets (FSs) [40], character-
ized by membership grades that are themselves fuzzy, have been
proposed to remedy this problem. GT2 FSs, and their simplified
version, interval type-2 (IT2) FSs, have been shown to outper-
form T1 FSs in numerous applications [5], [11], [20], [36], [37].
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The similarity between two FSs is a very important concept,
with lots of applications. For example, Turksen and Zhong [27]
proposed an approximate analogical reasoning schema, which
uses an FS similarity measure to determine whether a rule should
be fired, and a modification function inferred from a similarity
measure to deduce a consequent. Setnes et al. [26] used the sim-
ilarity measure of FSs for fuzzy rule-base simplification, where
similar FSs were merged into a single common FS to replace
them in the rule base. Candan et al. [4] proposed a similarity-
based ranking and query-processing approach for multimedia
databases. Mitchell [24] introduced a similarity measure for
GT2 FSs, which was used for formulating classification prob-
lems in pattern recognition. Wu and Mendel [32] proposed a
vector similarity measure for linguistic approximation, which
maps the output of a computing-with-words engine into a word
recommendation (linguistic label). They [33] also proposed a
Jaccard similarity measure for IT2 FSs, which is more reli-
able and faster than the vector similarity measure and, hence, is
more suitable for computing with words. Additionally, Wu and
Mendel [34] proposed a similarity-based perceptual reasoning
approach, which is an approximate reasoning method that can
be used as a computing-with-words engine in perceptual com-
puting [23]. Wagner et al. [29] proposed a nonsingleton fuzzy
logic system, which computes the firing strength of each rule
by the Jaccard similarity between the input and the antecedent
FSs. It was applied to Mackey-Glass time-series predictions
[29] and unmanned aerial vehicle control [8]. Bustince et al. [2]
constructed similarity measures of T1 FSs based on restricted
equivalence functions [1] and applied them to image threshold-
ing. Galar et al. [9] further constructed an interval-valued (IV)
similarity measure for IV FSs, based also on restricted equiv-
alence functions, and applied it to stereo matching of color
images.

Similarity measures for T1 and IT2 FSs have been extensively
studied in the literature [7], [33]. Similarity measures for GT2
FSs' have also received considerable attention, and there have
been many approaches [12]-[14], [18], [19], [24], [38], [42].
This paper gives a comprehensive overview of them.

The next section will show that a GT2 FS can be represented
equivalently by several different representations. Because the
similarity between two GT2 FSs is an intrinsic property that
should not depend on a particular representation, theoretically it

These GT2 FSs are called “closed” GT2 FSs, as explained in Section II-B.
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should also be computed equivalently using different represen-
tations. Unfortunately, none of the existing similarity measures
for GT2 FSs can satisfy this requirement. So, in this paper, we
propose a geometry-based similarity measure for GT2 FSs, mo-
tivated from the popular Jaccard similarity measure for T1 and
IT2 FSs, one that can be computed equivalently using different
representations. Theoretical and experimental results verify its
reasonableness.

The remainder of this paper is organized as follows.
Section II briefly introduces some background knowledge on
IT2 and GT2 FSs. Section III reviews existing similarity mea-
sures for GT2 FSs. Section IV proposes the Jaccard similarity
measure for GT2 FSs. Section V compares these similarity mea-
sures using two examples. Finally, Section VI draws conclusions
and points out some future research directions.

II. BACKGROUND ON IT2 AND GT2 FSs

This section introduces the basic concepts of IT2 and GT2
FSs, which will be used in defining their similarity measures.

A. IT2 FSs

An IT2 FS [20] A can be represented as
A= {((z,u), pi(z,u) |z € X,uec0,1]} (1)

or, in FS notation, as

U U iz, u)/(x,u).

rzeX uel0,1]

2

In (1) and (2), «x is called the primary variable and has domain
X, u € [0,1] is called the primary membership or secondary
variable, and p ; (, u) is called a T2 membership function (MF)
or secondary grade for A, and it always equals 1 for an IT2 FS.
Ateach value of z, the two-dimensional (2D) plane fl(x), whose
axes are w and p 5 (, u), is called a vertical slice [20]; itis a T1
FS whose MF is called a secondary MF, i.e.,

U pji(z,uw)/u.

uel0,1]

1 () (1) = 3)

The support of the secondary MF is I, = {u € [0,1]|p
(z,u) > 0}. Depending upon whether or not I, is connected
(i.e., closed, open, or neither), an IT2 FS can assume different
forms [3]. Because existing similarity measures for IT2 FSs
have so far only been developed for closed I,, in this paper,
we assume that I, is closed. More specifically, I, is always an
interval (or a single number, which is a special case of an inter-
val). The extensions of the results in this paper to more general
kinds of IT2 FSs (and GT2 FSs) are proposed as future research
topics in Section VI
When I, is closed, it can be described as

I = [ (@), i (@) 4)

where
ji () = influlu € 0,1, g (,u) > 01 (5)
iz (x) = sup{ufu € [0,1] iz (x.u) > 0} (6)
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Fig. 1.  Different representations of an IT2 FS. (a) Vertical slice representation.
(b) Two-dimensional representation.

p;(z) and fij () are called the lower and upper MFs of the
footprint of uncertainty (FOU) of A, FOU(A), i.e

FOU(A )—{(xu|x€Xandu€[uA( x), mi(x)]}. (D

Any T1 FS within the FOU is called an embedded T1 FS. 1 ; ()
and fi ; () are also embedded T1 FSs.

An IT2 FS using the vertical slice representation is shown in
Fig. 1(a). Observe that all vertical slices have height 1 because
i (z,u) =1 for an IT2 FS. The FOU of an IT2 FS conveys
all of the useful information about that FS and is easier to draw
because it is 2-D. The FOU of the IT2 FS in Fig. 1(a) is shown
Fig. 1(b).

B. Closed GT2 FSs

A GT2 FS [20], [21] A is also represented by (2), but now
p ;i (¢, u) can be any value in [0, 1], instead of always being 1 as
itis in an IT2 FS. The vertical slice representation of a GT2 FS
is shown in Fig. 2(a). Here, the secondary MF for each x is an
isosceles trapezoid, chosen only for ease of plotting.

A GT2FS can also be represented by a-planes [22], or zSlices
[30], as shown in Fig. 2(b). These two concepts are very similar.?
In this paper, we use the a-plane terminology.

In the following, we assume that a GT2 FS is closed, which
means that all of its a-planes are closed for « € [0,1]. This
occurs when the a-cuts of all of the secondary MFs of A are
closed. Such secondary MFs do not have to be normal, and
they may have either one apex (e.g., a triangle) or a collection
of adjacent apexes, all of the same membership grade (e.g.,
a trapezoid). It is, therefore, to be understood that “GT2 FS”
always mean “closed GT2 FSs” in this paper.

Let the a-cut [16] on the secondary MF fl(m) be

Ax)o = {u|,u14(z)(u) > a} = [aq(x), by (2)]. 8)
Then, the a—plane A, is
= U A@a/z = Jlaa@).ba@)/z O

rzeX zeX

2[20, Table 6.2] compares the a-plane and zSlice descriptions. [20] also
recommends using horizontal slices to denote them because it complements
vertical slices and wavy slices [21] (another popular representation of GT2 and
IT2 FSs; the wavy slice representation is not introduced in this paper because it
is not needed here).
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Fig. 2. Different representations of a closed GT2 FS. (a) Vertical slice rep-
resentation. (b) a-plane, zSlice, or horizontal slice representation. (c) Surface
representation in 3-D. (d) Upper surface. (e) Lower surface. (f) Surface repre-
sentation in 2-D.

and the a-plane representation of Ais

A= J a/A.. (10)

ael0,1]

In this paper, we also introduce a surface representation of
GT2 FSs, as shown in Fig. 2(c). A GT2 FS A is bounded from
the outside by an upper surface A [shown in red in Fi g.2(c), and
also separately in Fig. 2(d)] and by a lower surface A [shown in
blue in Fig. 2(c), and also separately in Fig. 2(e)].

In terms of the vertical slice representation, the lower (upper)
surface is spanned by the portion of the vertical slices that have
smaller (larger) u than their corresponding apexes, i.e.,

i-U U e/ an
z€X uelag(z),a; (2)]
U U KA (z,u)/(z,u). (12)

2EX uwelby (2),bo (2)]

In terms of the a-plane representation, the lower (up-
per) surface is spanned by all lower membership functions
(LMFs) (upper membership functions—UMFs) of different

a-planes, i.e.,

A= U U af(z,aq(x)) (13)
acl0,1] zeX

A= U a/(z,ba(2)) (14)
aecl0,1] zeX

In practice, it is much more complicated to construct GT2
FSs [28] than T1 or IT2 FSs [35]. For convenience, frequently,
the secondary MF for each z is chosen as an isosceles trapezoid,
as shown in Fig. 2(a). Such GT2 FSs can also be conveniently
plotted in 2-D, as in Fig. 2(f). The solid curves represent the
boundary of Ay, and the light green area represents A,. The
a-planes in-between are interpolated linearly. The blue and red
shades in Fig. 2(f) are the projections of the upper and lower
surfaces in Fig. 2(c) into the zu plane, respectively.

III. EXISTING SIMILARITY MEASURES FOR CLOSED GT2 FSs

This section gives a comprehensive overview of existing sim-
ilarity measures for closed GT2 FSs, in the order of the year they
were proposed. Their main formulas are summarized in Table I,
and the details are explained in the following subsections. To
the best of our knowledge, no similarity measures have been
published for nonclosed GT2 FSs (as of August 2017).

Similarity of A and B makes use of A(z), in (9) and B(z),,
where

Bo)a = {uliig) () = a} = ca(@),da@)). (15)

A. Hung and Yang’s (HY) Similarity Measure

Hung and Yang [13] proposed two similarity measures for
GT2 FSs in 2004.

Let U and V be crisp sets, and U* and V* be the crisp points
within distance A of them, respectively, i.e., if U = [I, 7], then
U* = [l — A, r + A]. The Hausdorff distance between U and V/
is defined as

H(U,V) = max{L(U,V), L(V,U)} (16)

where
L(U, V)

Let A and B be two T1 FSs, and A, and B,,; be their a-cuts
at o =« (j =1,...,m), respectively. Then, the Hausdorff
distance between A and B is defined as [6]

210 H(Aa,, Ba))
Dot @
Define the distance between two GT2 FSs A and B as [17]

ZdH ;).

Then, Hung and Yang’s [13] first similarity measure for GT2
FSsis

= inf{A > 0|V C U*}. (17)

dH(A7B) =

(18)

d(A,B) = (19)

suv,1 (4, B) =1—d(A, B). (20)
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TABLE I
SIMILARITY MEASURES OF CLOSED GT2 FSs

Authors Formula
Hung and Yang (HY) [13] spy,1(A,B)=1—-d(A,B) o
Hung and Yang (HY) [13] ﬂﬂu@&B):;_li%%i%%gn
i oAy j=1 Zk=1 Wik S(ABg)
Mitchell (M) [24] sai(A, B) = a3
g ; : ipy 1 Z Ly min{ujopg (@i ug)ug-pg(ei,ug)}
Yang and Lin (YL) [38] SyL(A,B~) n i Zm A (11 4 (@)t s (2700 ]
Hwang, Yang, Hung and Lee (HYHL) [14] suyurL(A,B) = mln(I(A B),I(B, A))
1 D Aa 1B(!
McCulloch, Wagner and Aickelin (MWA) [19] | sarw a(A, B) = EkEP“‘ZB> anoal ok 5)
kep(A,B)
i i i By — 1 P Joex min(aa, (2),ca, (2))de+ [, o x min(ba, (2),da, (z))dz
#hao, Xiao, Li and Deng (2XLD) [42] s2xLD(A,B) = 3 3kt 725 ax(aay (@):cay @)det g x max(oag (@):day (@))ds
Hao and Mendel (HM) [12] sam (A, B) = Ek 19k SJ(A? Bay)
k=1
1T D Aa 7Bo¢
McCulloch and Wagner (MW) [18] syw (A, B) = Lkep(A.B) a’i sf ko Bay)
_ “kep(A.B) ¥k

Wu and Mendel SJ(A~, B) — (ANB)y+(ANB)y

(AUB)y+(AUB)y

Hung and Yang’s [13] second similarity measure for GT2
FSs is

1- exp(—d(A,B))'

B)=1- 1 —exp(—1)

suy.2 (A, (2D

B. Mitchell’s (M) Similarity Measure

Mitchell [24] proposed a similarity measure for GT2 FSs in
2005. Assume that the primary domain of GT2 FSs A and B
has been discretized into n points zy, ..., x,. He first identi-
fied Ay and M random embedded T1 FSs {Aj Yist,
it. Similarly, he also identified N random embedded T1 FSs
{B;, }k_l ‘‘‘‘‘‘ .~ within By. Next, he defined the similarity be-
tween A and B as a weighted average

M N
Z]’:l D ko1 Wik S(Ajv By)
M N
D=1 2k=1 Wik

SM (A,B) = (22)

where s(Af§, Bf) can be any similarity measure between T1
FSs A% and By, and wj;; is a weight equal to the ¢-norm of the
secondary membership grades

win =t (a (@, (@), oo (2, s (20),

pg (@, upg (1)), pp (Tn, upg (zn))) . (23)

C. Yang and Lin’s (YL) Similarity Measures

Yang and Lin [38] proposed a similarity measure for GT2
FSs in 2009. Its discrete form is

SYL(A, B)

m

1O S minfuy g () s g ()
Zz

Ly max{u; - pg (i, ug),up - pp (e, ug)}

(24)

where u;, j = 1,...,m, are uniformly located in [0, 1].

D. Hwang, Yang, Hung, and Lee’s (HYHL) Similarity Measure

Hwang et al. [14] proposed a similarity measure for GT2 FSs
in 2011. They first defined an inclusion measure

; /
fxEde ex

mln{f of

I(A,B) =
i(x)dm f (())/LB( )dm}

_ dz (25)
fao (<7)) A (I)dm

where m is a fuzzy measure. Then, Hwang et al.’s similarity
measure is

suyuL (A, B) = min(I(4, B), I(B, A)). (26)
Hwang et al. [14] showed that sHYHL(A B ) may be better than
SHY 1(A B) and sYL(A B) However, it is not clear how the
fuzzy measure m can be determined, which hinders (26)’s wider
adoption.

E. McCulloch, Wagner, and Aickelin’s (MWA)
Similarity Measure

McCulloch et al. [19] proposed a similarity measure for GT2
FSs in 2013 based on a-planes (zSlices)

D ker(A,B)
Zker AiB)

where r(A B) {og| Ay, #0,0r By, # 0} is the union set
of win A and B, and s, can be any similarity measure for IT2
FSs, e.g., the Jaccard similarity measure [33], or any of those
summarized in [33, Sec. 4].

(A!M ) B(ik )

sywa (A, B) = 27

F. Zhao, Xiao, Li, and Deng’s (ZXLD) Similarity Measure

Zhao et al. [42] proposed a similarity measure for GT2 FSs
in 2014 based on a-planes. They first defined the similarity
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between two GT2 FSs as a T1 FS

\]ZEGX min(bak (l‘), d(¥k (x))dx } ) (30)

They then computed a crisp similarity measure® from 3,x1p
(;1, B) as sZXLD(fl,B) in Table I. Observe that SZXLD(A, B)
is actually the average of the Jaccard similarity measures for
different c-planes.

G. Hao and Mendel’s (HM) Similarity Measure

Hao and Mendel [12] proposed a similarity measure for GT2
FSs in 2014 based on a-planes. They first defined the similarity
asaTl FS

p
§HM(A,B) = U Oék/SJ(Aa'kaBak)
k=1

€1y

where s ; (/L”, , Ba . ) is the Jaccard similarity measure between
two IT2 FSs [33].
A crisp similarity measure can then be obtained as [12]

T D n k- Aa Bn
SHM(A7 B) _ Zk:l Qg sz( v Pay, ) ]
D ko1 Ok

Observe that SHM(/I, B) is essentially the same as SMWA(A, B)
in (27), when the Jaccard similarity measure for IT2 FSs is used
as s; in (27).

(32)

H. McCulloch and Wagner’s (MW) Similarity Measure

McCulloch and Wagner [18] proposed a similarity measure
for GT2 FSs in 2016, based on a-planes (zSlices)

Zker(;‘i,é) Q- S(Aal.- ) Ba;.)

A B)=
SMW( ’ ) Zkgr(,{é) ag

(33)

where (A, B) %{ak\gak #0,0r B, # 0} is again the
union set of & in A and B, as explained for sywa (A4, B), and s

3Though Zhao et al. [42] claimed that szx1p (A, B) in Table I is the centroid
of 5zxip(A, B), actually it is not. And the connection between Szxip (A, B)

and SZXLD(A, B) was not explained clearly in [42].

is a similarity measure for IT2 FSs

S(Aak’éalr) = SA(AQK"BQJC); Aak #@ and Bak # 0
0, otherwise.
(34)

Observe that the only difference between syw(A, B) and
sMWA(Zl, B ) is the similarity measure for IT2 FSs used in them.
When the secondary MFs of A and/or B do not have equal
heights, flak_ ={or Bnk = () for certain oy, and s;, (/L”, , Bak_ )
in (27) is undefined; however, s(fl(l R . B, . ) in (34) is defined
(equals 0), so sMW(fl, B ) can handle GT2 FSs whose secondary
MFs may have different heights or be subnormal, whereas
sMWA(/Nl, é) cannot.

IV. JACCARD SIMILARITY MEASURE FOR GT2 FSs

This section points out the limitations of existing similarity
measures for GT2 FSs, proposes a geometric explanation of the
popular Jaccard similarity measure for T1 and IT2 FSs, and
extends it to GT2 FSs. It also shows that the Jaccard similarity
measure for GT2 FSs satisfies the four properties of a similarity
measure proposed in [32] and [33].

A. Limitations of Existing Similarity Measures for GT2 FSs

Nine existing similarity measures for GT2 FSs have been
introduced in the previous section. Among them, Mitchell’s
similarity measure is special because it involves random sam-
pling. As a result, its output is not deterministic, and gener-
ally, sy (fl, fl) = 1, both of which are counterintuitive. The
other eight similarity measures all utilize some slices in their
computation.

1) The HY, YL, and HYHL similarity measures first cut
the two GT2 FSs into vertical slices at different x, then
compute the similarity (or distance) between each vertical
slice pair (which belongs to the same x), and, finally,
aggregate these similarities (or distances).

2) The MWA, ZXLD, HM, and MW similarity measures
first cut the two GT2 FSs into a-planes at different «,
then compute the similarity between each a-plane pair
(which belongs to the same «), and, finally, aggregate
these similarities.

Fig. 2 shows that each GT2 FS can be represented equivalently
by vertical slices or a-planes, so, theoretically, the similarity
measure between two GT2 FSs should be computed equiva-
lently using both vertical slices and a-planes, as we pointed
out in Section I. Unfortunately, none of the existing similar-
ity measures for GT2 FSs can be computed using both slices:
each of them is exclusive to a specific representation and can-
not be computed using the other representation. The HY, YL,
and HYHL similarity measures cannot be computed using the
a-plane representation, and the MWA, ZXLD, HM, and MW
similarity measures cannot be computed using the vertical slice
representation. So, next, we propose a geometry-based similar-
ity measure for GT2 FSs that gives the same result whether it is
computed using the vertical slices or a-planes.
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Fig. 3. Geometric illustration of the Jaccard similarity for T1 FSs: the area
perspective. (a) A and B. (b) (AN B),.(c) (AUB),.

B. Jaccard Similarity Measure for T1 FSs

The Jaccard similarity measure for T1 FSs, arguably the most
widely used such similarity measure, is [15]

> i g min(ua (@), up ()
S max(ua (1), up ()
Interestingly, this similarity measure can be understood geomet-
rically by viewing each T1 FS as an area in the 2-D plane of x
and w, as shown in Fig. 3(a). Let (A N B), be the common area
of A and B, as shown in Fig. 3(b), and (A U B), be the area
of their union, as shown in Fig. 3(c). Then, s; 11 (A, B) above
equals the ratio of the common area to the union area (when
integrals are discretized), i.e.,

ssr1(A, B) = (35)

“ ANB),
8J7T1(A3-B) - ﬁ. (36)
A T1 FS A can also be viewed as a special GT2 FS A
A= / 1/(z,ua(x)) (37)
reX

as shown in Fig. 4(a). Let (AN B), be the common volume
of A and B, which is a triangular prism with height 1, shown
as the shape shaded in green in Fig. 4(b). Let (A U B), be the
volume of the union of A and B, which is a column with height
1, shown as the shape shaded in green in Fig. 4(c). Because the
triangular prism has height 1, numerically (AN B), = (AN
B),. Similarly, numerically, (AU B), = (AU B),. So, from
the volume perspective, we can re-express the Jaccard similarity
measure as

(AN B),
(AUB),’
which is the ratio of the common volume to the union volume.
It is easy to see that s} 1, (4, B) equals s 1, (4, B).

st r1(A,B) = (38)

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 27, NO. 3, MARCH 2019

Fig.4.  Geometric illustration of the Jaccard similarity for T1 FSs: the volume
perspective. (a) A and B. (b) (A N B), as the green volume. (c) (A U B), as
the green volume.

C. Jaccard Similarity Measure for IT2 FSs

The Jaccard similarity measure for two IT2 FSs can also
be understood from the area perspective and the volume
perspective.

When we ignore the secondary membership grades of an IT2
FS A, it can be plotted in the 2-D space of = and v and bounded
from above and below by T1 FSs % ; and w;, as shown in
Fig. 1(b). By considering both shape and proximity information,
the Jaccard similarity measure for two IT2 FSs Aand B, that is
defined in [33], can be interpreted from the area perspective as

53,1T2( N’B) = %A mgl?)a - (a/i n ?B;Z

(39)

where (u; Nug), is the common area of w; and wy, (@; N
Uy ), is the common area of @ ; and @y, (uz Uup), is the
area of the union of u ; and w3, and (@ ; Nap), is the area of
the union of % and . In short, s /7, (A, B) is the ratio of
the average common area of the intersections of the lower and
upper surfaces to the corresponding average common area of
their unions.

From the volume perspective, the Jaccard similarity measure
for two IT2 FSs A and B can be re-expressed as

1 D A B v v
syre(A, B) = AnB), + (A0 :) (40)

(AUB), + (AUB),

U
sl

where QAN N B)U is the common volume of the two lower sur-
faces A and B, and (AU B), is the volume of their union.

(AN B), and (AN B), can be computed similarly to that in
Fig. 4(b), and (A U B)U and (fl U B)U can be computed simi-
larly to thatin Fig. 4(c). Each of (ANB),,(ANB),,(AUB),,
and (AU B), is a column with height 1, so, numerically,
we have (AN DB), = (u; Nug)a, (ANB), = (G; Nij)a,
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Fig.5.  Geometric illustration of the Jaccard similarity for GT2 FSs. (a) A and
B.(b) (AN B),.(c) (AUB),.

(AUB)U = (QA U@B)a, and (ZUé)U =

53,1T2(;1a B) = 33,1T2(1‘LB)-

(ﬂA U ﬂg)a, ie.,

D. Jaccard Similarity Measure for GT2 FSs

From the previous two subsections, we see that the Jaccard
similarity measure for T1 and IT2 FSs can be understood from
an area perspective and a volume perspective, and they give
equivalent results. However, a GT2 FS is always 3-D (the sec-
ondary MF cannot be ignored), so, for it, we can only use the
volume perspective.

We formally define the Jaccard similarity measure for GT2
FSs as

(41)

where (AN N B)I, is the common volume of A and B, (fl N B),
is the common volume of A and B, as shown in Fig. 5(b),
(A U B),,, is the volume of the union of A and B, and (fl U B)q,
is the volume of the union of A and B, as shown in Fig. 5(c).

Note that s (/1 B) uses the surface representation depicted
in Fig. 2(c). It is conceptually intuitive, but cannot be computed
directly. To compute s; (A, B), we need to translate the surface
representation to either the vertical slice representation or the
a-plane representation.

When the a-plane representation in (13) and (14) is used,
s,;(fl, B) can be computed using (42) shown at the bottom
of this page. Using 4 and B shown in Fig. 5(c), we next il-
lustrate why, e.g., (/Nl U B)U [the green volume in Fig. 5(c)]
can be approximately computed by ‘n—p b >0 max(by,
(x:), da, (z;)); however, the idea also holds for the other three
terms in (42).

Let p be the number of equally spaced avin [0, 1], and oy, be the
kth a (k=1,...,p). Then, the light green volume in Fig. 5(c)
is the sum of p — 1 subvolumes between the o and ay
planes (k =1,...,p — 1), respectively. Two such subvolumes
for k=1 and k = 3 (p = 11) are shown in Fig. 6(a) and (b),
respectively. Let n be the number of equally spaced samples in
the z domain, and z; be the ¢th sample (z = 1,...,n). Then, the
primary membership grade of (z;, vy ) on the intersection of the
upper surfaces A and B is max (b, (2;), dy, (2;)), shown as the
corresponding black line in the dark green region of Fig. 6(a).
Geometrically, the dark green subvolume in Fig. 6(a) can
be approximated by %é‘ o S max(ba, (1), da, (@) +
max(ba, (;),da, (;))], and the dark green subvolume
in Fig. 6(b) by 5ls ST [max(ba, (2:), da, (2:)) +
max(ba, (2;), da, (x;))]. Consequently, the light green volume
in Fig. 5(c), which is (;1 U B),, can be approximated as

p—1 n

(/:1 U é)v = —Zn(i(l 0 ]; 7Z;[max(bak_ (), da, (z;))
+ max(ba, ., (7i), day,, (:))]- (44)
In practice, it is more convenient to write (44) as
(/:1 é |X| ZZmax oy (T0),da, (25)).  (45)

k=11i=1

When p is large, (44) and (45) give almost identical outputs.
When the same {x; }/_; and {oy, }}_, are used in all four terms

of s,](fl, B’), all of them have an identical scaling factor %,

which can be canceled out. That is why, we can replace (/1 U
B), in (41)by > % _, >, max(bq, (wl) dy, (x;)) in (42).
When the same {ozk W_, and {z;}I" in the a-plane rep-

resentation above are used in the Vertlcal slice representa-

tion [(11) and (12)], sJ(/LB) can be computed using (43)

shown at the bottom of this page. Using the A and B in

Fig. 5(c), Fig. 7 illustrates why (AU B), can be represented

by >0, > max(aq, (2;), ¢ay (z;)) in (43) (scaling factor

canceled out). The idea is that (A U B),, the light green vol-
ume in Fig. 5(c), is the sum of the subvolumes corresponding to

different vertical slices, two of which are shown in Fig. 7.

o o Doy min(ag, (24), cay (2:)) + D00y min(ba, (), da, (2:))]
B = S I, max{aa, (@1): oy (1)) + S0y max(bas (z2). duy (1)) .
Y Yo Doy min(ag, (2;), cay, (2:)) + D% min(by, (i), da, (x;))]

J(A’ B) Z [Zp 1 InaX(a(u (JH)’ Cay, (xt)) + Ep 1 max(buk (xl) d QA (Z‘L))] (43)
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Fig. 6. Geometric illustration of the computation of (Z uUB )y by a-planes.
(a) Subvolume between ar; = 0 and cro = 0.1 planes. (b) Subvolume between
a3 = 0.2 and ay = 0.3 planes.

The following observations can be made from (42) and (43).

1) Equations (42) and (43) are equivalent.

2) When the GT2 FSs downgrade to IT2 or T1 FSs, the
Jaccard similarity measure for GT2 FSs reduces to the
corresponding Jaccard similarity measure for IT2 or T1
FSs.

3) Although s (A, B) in (42) looks similar to szxip(A, B)
in Table I, they are not the same. s J(/Nl, B) in (42) is a
ratio of volumes, and szx1p(A, B) in Table I is an aver-
age of individual Jaccard similarity measures for different
a-planes. Generally, these two quantities are not equal
(although they may be close), as we will see in the next
section. More importantly, the rationales behind these two
definitions are fundamentally different.

E. Properties of s;(A, B)

When two real-world 3-D objects are compared by means of
similarity, their proximity is not important, only their shape is
important. For GT2 FSs (as well as for T1 and IT2 FSs), shape
and proximity are both important, so any useful similarity mea-

Fig. 7. Geometric illustration of the computation of (/i UB )y by vertical
slices. (a) Subvolume between 1 = 0 and x5. (b) Subvolume between x2 and
3.

sure for FSs must simultaneously handle shape and proximity.
Motivated by this principle, the following four properties (re-
quirements) of similarity measures for GT2 or IT2 FSs have
been proposed in the literature [32], [33] and are used in this
paper.
Pl. Reflexivity: s(A,B) =1 A= B.
P2. Symmetry: s(A, B) = s(B, A).
P3. Transitivity*: If A < B < C, then s(4, B) > s(A,C).
P4. Overlapping’: If AN B # (), then s(A, B) > 0; other-
wise, s(A, B) = 0.

The Jaccard similarity measure for T1 and IT2 FSs satisfy
these four properties [33]. Similarly, we have the following
theorem, whose proof is given in the Appendix.

Theorem 1: s;(A, B) in (41) satisfies reflexivity, symmetry,
transitivity, and overlapping. |

‘A< Bif Pi(w,u) <pp(z,u) and pg (2, u) < pg(w,u) for Vo and
Yu.

SANB#0, ie, A and B; overlap, if Jz and Ju such that
min (7 ; (z,u), iz (x,u)) >0. ANB =10, ie, A and B do not overlap,
if min(zz 4 (2, u), g (2, u)) = min(p 3 (v, u), pg (r,u)) = 0 Vo and Vu.
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Fig. 8. (a)-(d) GT2 FSs used in Example 1. In each subfigure, the blue curves

represent GT2 FS A, and the red curves B. For each GT2 FS, the solid blue or
red curves represent the a-plane at o = 0, and the dashed blue or red curves
represent the corresponding a-plane at « = 1. A and B are identical in (a).

TABLE II
SIMILARITIES OF THE GT2 FSS SHOWN IN FIG. 8, COMPUTED FROM
DIFFERENT APPROACHES

SMW A
SHY,1 SHY,2 SM SYL SMW SzZXLD SJ
SHM
Fig. 8(a) 1 1 .6454 1 1 1 1
Fig. 8(b) | .8165 .7348 .6112 .2433 7161 7092 7091
Fig. 8(c) | 4650 .3445 .1640 .1896 .1775 1773 1773
Fig. 8(d) | .4739 3528 0 2486 0 0 0

V. EXAMPLES AND DISCUSSIONS

Two examples are presented in this section to compare the
different similarity measures for GT2 FSs. Note that we do not
include sHYHL([L B) because it uses a fuzzy measure, but it is
not clear how the fuzzy measure should be determined, so we
were not able to implement it.

A. Example 1

In this example, we constructed A as the blue GT2 FSs in
Fig. 8, and B as the red GT2 FSs. For each GT?2 FS, the solid
blue or red curves represent the c-plane at o = 0, and the dashed
blue or red curves represent the corresponding o-plane at o« = 1.
The a-planes in-between were interpolated linearly. The dashed
curves consist of the middle points of the LMFs and UMFs at
a=0,ie.,a;(x) =b(z) = 0.5[ag(z) + by (x)], meaning that
the secondary MFs are all isosceles triangles.

The corresponding similarities between A and B, computed
from different approaches, are given in Table II. Observe the
following.

1) suy.1,SHY,2,and sy, gave positive similarities even when

A and B do not overlap at all, which is counterintuitive.
Moreover, they all gave larger similarities for the two GT2
FSs shown in Fig. 8(d) than those two shown in Fig. 8(c),
which is even more counterintuitive.

2) sy gave a similarity of 0.6454 for identical A and B in

Fig. 8(a), which is counterintuitive.

Fig.9. GT2 FSs used in Example 2. The solid curves indicate the a-planes at
« = 0, and the dashed curves indicate the c-planes at « = 1.

TABLE III
SIMILARITIES BETWEEN THE GT2 FSS SHOWN IN FIG. 9

Tiny Small Medium Large Huge amount
Tiny 1 4364 5203 6335 7094
Small 4364 1 3631 4841 5681
SHY,1 Medium |.5203 .3631 1 3772 AT71
Large .6335 4841 3772 1 4640
Huge amount |.7094 .5681 4771 .4640 1
Tiny 1 3184 3972 5146 .6010
Small 3184 1 2548 3624 4452
SHY,2 Medium  |.3972 .2548 1 2666 3558
Large 5146 3624 2666 1 .3436
Huge amount | .6010 .4452 3558 .3436 1
Tiny 6561 .1690 0 0 0
Small 1695 5505 .0307 0 0
SM Medium 0 .0307 .5144 .0250 0
Large 0 0 0250  .6051 1813
Huge amount | 0 0 0 1812 7356
Tiny I 2149 3633 5186 5749
Small 2149 1 3435 4038 4796
SYL Medium | .3633 .3435 1 .3268 3009
Large 5186 .4038 .3268 1 1270
Huge amount | .5749 4796 .3009 .1270 1
Tiny I 2296 0 0 0
SMW A Small 2296 1 .0386 0 0
SMW Medium 0 .0386 1 .0323 0
SHM Large 0 0 .0323 1 2278
Huge amount | 0 0 0 2278 1
Tiny 1 2246 0 0 0
Small 2246 1 .0384 0 0
SZXLD Medium 0 .0384 1 .0319 0
Large 0 0 .0319 1 2193
Huge amount | 0 0 0 2193 1
Tiny 1 .2257 0 0 0
Small 2257 1 0384 0 0
S Medium 0 .0384 1 .0320 0
Large 0 0 .0320 1 2208
Huge amount| 0 0 0 2208 1

3) SmMwa, SMW» SHMs SzxLD, and sy all gave reasonable sim-
ilarities, and their results were very close. In fact, spywa,
Ssmw, and spyv are identical when both A and B have
normal secondary MFs at every vertical slice, as can be
established from their formulas in Table I.

B. Example 2

In this example, we picked five IT2 FS word models, which
were distributed roughly uniformly in [0,10] and were con-
structed using the enhanced interval approach [35]. The FOUs
of the five IT2 FSs were used as the o = 0 a-plane, and the
secondary MFs had their bases pinned to the LMF and UMF of
the FOU to obtain GT2 FSs.
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We constructed the secondary MF of the GT2 FSs as a; (x) =
by (z) = 0.1ag(z) + 0.9b (), i.e., the apexes of the secondary
MFs were much closer to the UMF of the & = 0 a-plane than
to the LMF. The a-planes at o = 1 are shown in Fig. 9 as
the dashed curves, and the resulting similarity measures are
shown in Table III. Observe that syy 1, SHy,2, Sir, and syp, still
gave the counterintuitive results as explained in the previous
example. The results of sywa, SMws Sum, SzxLp, and s; were
more reasonable and are again very close to each other.

C. Summary

From the above two examples, we can observe that s; may
be close to sywa, Smw, SuMm» and szxip; however, s; is con-
structed based on a fundamentally different principle than them:
ituses the geometries of the surface representation, which can be
translated to both the vertical slice and a-plane representations,
and gives the same result regardless of which representation is
used, whereas the others use the a-plane representation, and
they cannot be computed using the vertical slice representation.

VI. CONCLUSION AND FUTURE RESEARCH

In this paper, we have given a comprehensive overview of
existing similarity measures for GT2 FSs, pointed out their lim-
itations, and proposed a new similarity measure for closed GT2
FSs. The latter is an extension of the popular Jaccard similarity
measure for T1 and IT2 FSs to GT2 FSs, one that uses a novel
geometric explanation. The fundamental difference between the
proposed Jaccard similarity measure for GT2 FSs and all exist-
ing similarity measures is that the Jaccard similarity measure
focuses on the overall geometries of two GT2 FSs and does
not depend on a specific representation of them, whereas all
existing similarity measures for GT2 FSs depend either on their
vertical slice or a-plane representations. We have shown that the
Jaccard similarity measure for GT2 FSs satisfies four proper-
ties of a similarity measure and demonstrated its reasonableness
using two examples. The geometric approach proposed in this
paper may also be useful in defining subsethood measures [25]
and uncertainty measures [31], [41] for closed GT2 FSs, which
is one of our future research directions.

As pointed out in Section II-A, an IT2 FS can assume different
forms depending on how I, is defined. Theoretically, a GT2 FS
can also assume different forms depending on how I, is defined.
The one shown in Fig. 2, in which each a-plane is closed, and
each vertical slice is T1 FS that has closed a-cuts (but is not
necessarily normal), is to date the only form of GT2 FS that
has appeared in the literature and used in practice. However,
theoretically, GT2 FSs may also be nonclosed, as shown in
Fig. 10, where, in each subfigure, the shaded volumes belong
to a single GT2 FS instead of two separate GT2 FSs.

When some a-cuts of the secondary MFs of A and B are
not closed, those similarity measures based on a--planes (Sywa,
Smw, Sum. and szip) cannot be used because now some -
planes will be multi-IV FSs, and no similarity measures for such
FSs exist. Whether or not the other four existing similarity
measures (SHy,1, SHY,2> Sm, and syp) can be used for non-
closed GT2 FSs is unclear, but that is not important, because
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u(z, )
u(z, )

Fig. 10. Nonclosed GT2 FSs. (a) Each a-plane is a connected multi-IV FS,
and some vertical slices consist of multiple intervals. (b) Each a-plane consists
of multiple unconnected IV FSs, and each vertical slice consists of multiple
intervals.

we have shown that they have other serious problems, so their
results will not be good anyway. Our proposed Jaccard simi-
larity measure in (41) cannot be used for such nonclosed GT2
FSs either because now it is difficult to define the upper and
lower surfaces. So, another future research direction is to ex-
tend the similarity measures for closed GT2 FSs to nonclosed
GT2 FSs. However, because similarity measures for GT2 FSs
build upon similarity measures for IT2 FSs, we may need to
develop similarity measures for nonclosed IT2 FSs first.

Finally, we defined the similarity measure for GT2 FSs as
a crisp number in this paper, as, to our knowledge, almost all
existing applications of similarity measures (such as those intro-
duced in the second paragraph of Section I, except [9]) used only
crisp similarity measures. However, theoretically, the similarity
measure of GT2 FSs may also be defined as a T1 FS, which
can capture more uncertainties and, hence, may be preferred in
certain applications. How to define such a similarity measure
for GT2 FSs using the geometric approach is also an interesting
future research direction.

APPENDIX
PROOF OF THEOREM 1

To simplify the proof, we rewrite (42) as (46) shown at the

top of the next page. The four properties are proved next.

P1. Reflexivity: Cons1der first the necessity, i.e., s J(fl
B)=1= A= B. For GT2 FSs A and B, min(a,,
(), Ca, (7)) < max(aak (x;),ca, (z;)); hence, the
only way that s; (A, B) = 1 is when min(aq, (2;), ca,
(2;)) = max(aq, (%), ca, (2;)) and min(b,, (z;), da,
(2;)) = max(bq, (x;),dq, (;)), in which case a,, (x;)
= o, (z;) and by, (x;) = do, (2;), i.e., A=B.

Consider next the sufﬁcmncy, ie, A=B=s;(4,
B)=1. When A =B, ie., a,, (xl) = Cq, (z;) and
ba, (x;) = dy, (25), it follows that min((aq, (2;), Ca,
(2;)) = max(aq, (%), ca, (2;)) and min(ba, (z;), da,
(7)) = max(ba, (7;),dq, (v;)). Consequently, it fol-
lows from (46) that s; (A B) =1.

P2. Symmetry: Observe from (46) that s ; (A B) does not de-
pend on the order of A and B;s0, s;(A, B) = s;(B, A).

P3. Transitivity: Denote the a-cut on the secondary MF
C(x) of GT2 FS C as C(x), = {ulpe () (u) 2 a} =
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A, B k b1 2ic [Min(aa, (%), ca, (7:)) + min(ba, (2:), da, (2:))]
k=1 izt (max(aa, (i), ca, (1)) + max(ba, (2:), doy (:))]
p n . p n
o) (4 B) — Skt iy Iin(a, (20, (20)) 4 minfbo, (1), (2] _ Sy Sy [, (00) 4 b ()]
’ - p n - p n
k=1 2i=1 (max(aa, (2i), cay (i) + max(ba, (i), day (2:))] k=1 2im1 [Cay (i) + day (25)]
. p n
s](jl é) k 1 2izg [min(aa, (%), €a, (i) + min(ba, (i), fa, (@:))] k:l > i1 [0a, (7i) + bay ()] (48)
P bl - n - n
k=1 iz [max(aa, (i), €a, (2:)) + max(ba, (i), fa, (:))] ko1 2imt [€ay (i) + fa, ()]
[ ( ) fa( )] If [1 < B < C‘ then we have (47) and [15] P. Jaccard, “Nouvelles recherches sur la distribution florale,” Bull. Soc.
(48) shown at the top of this page. Vaud des Sci. Naturelles, vol. 44, p. 223, 1908.
p pag [16] G.J.Klir and B. Yuan, Fuzzy Sets and Fuzzy Logic: Theory and Applica-
Because B < C, it follows that 30 | S [ca, (i) + tions. Upper Saddle River, NJ, USA: Prentice-Hall, 1995.
( )} < Z 1227 [eak(%) +fm (:ET)], and hence [17] D.C. Lin and M. S. Yang, “A similarity measure between type-2 fuzzy
A B A sets with its application to clustering,” in Proc. 4th Int. Conf. Fuzzy Syst.
SJ( ) > s5(A,C). Knowl. Discovery, Haikou, China, Aug. 2007, pp. 726-731.
P4. Overlapping: If ANB # (), then dz; and Jay; such that  [18] J. McCulloch and C. Wagner, “Measuring the similarity between zSlices
mln(b (:,E ) d ( )) > 0. So, the numerator of (46) general type-2 fuzzy sets with non-normal secondary membership func-
s 1 Ok hl » Qo \Ti h > £ (4 . 1 tions,” in Proc. IEEE Int. Conf. Fuzzy Syst., Vancouver, BC, Canada, Jul.
is larger than 0, and the denominator of (46) is also 2016, pp. 461-468.
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