Information Sciences 517 (2020) 37-51

journal homepage: www.elsevier.com/locate/ins —

Contents lists available at ScienceDirect

Information Sciences

Set-Membership filtering with incomplete observations n

Yuan Wang, Jian Huang, PhD* Dongrui Wu, PhD, Zhi-Hong Guan, Yan-Wu Wang

Check for
‘ updates

Key Laboratory of Ministry of Education for Image Processing and Intelligent Control, School of Artificial Intelligence and Automation,
Huazhong University of Science and Technology, Wuhan, China

ARTICLE INFO

ABSTRACT

Article history:

Received 3 December 2018
Revised 8 December 2019
Accepted 30 December 2019
Available online 31 December 2019

Keywords:

Set-membership estimation
Stability analysis

Incomplete observations
Discrete time-varying systems

This study addresses the set-membership estimation problem for a class of discrete time-
varying systems with incomplete observations. A set-membership filter is developed and
a recursive algorithm is proposed to calculate the state estimate ellipsoid which contains
the true value. To solve the problem that the conventional set-membership filter cannot
guarantee the stability when applied to discrete time-varying systems with incomplete
observations, a quantitative analysis method about incomplete observations is developed
and a tight bound of the estimation error is found based on interval analysis and some
bounded noise assumptions. In terms of bounded assumptions, the relationship between
the bound of estimated error and the data dropout rate is obtained. If the data dropout
rate is less than a maximal value, the set-membership filter is asymptotically stable. The

proposed filter is applied to a two-state example to demonstrate the effectiveness of the-
oretical results.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

It is well known that the commonly used Kalman filtering algorithm requires the process and noise to be white Gaussian
processes [17]. This noise model is widely applied in a lot of applications and has obtained great success. Sometimes we
only know that the process and measurement noises are unknown but bounded (UBB) (e.g. [4,31]). To follow the set based
noise model, it is natural to consider all the possible state vectors into a set of state estimates in which the true states are
contained. In this case, the result of estimation is a set rather than a vector. This kind of estimation problem is generalized
as a set-membership filtering problem (e.g. [3,4,16,31,37-39]).

It should be noted that the possible state estimation (such as the set-membership filtering) is a kind of recursive state-
bounding approach. After receiving the successive observations, the feasible sets which include all the possible state values
consistent with the state and observation equations are updated. For linear systems, if the exact additive state noise bounds
are known, we can calculate an exact convex polytope in the state space. Unfortunately, its computational complexity grows
rapidly with observations updates (e.g. [5]). Various methods can be applied to reduce the computational complexity. For
instance, to limit the feasible set in simple polytopes such as parallelotopes (e.g. [7]). Another way to avoid increasing com-
plexity is to apply the ellipsoidal approximation algorithm introduced in [31]. In this algorithm, the feasible set can be
approximated by ellipsoids. Compared with other algorithms, the outer bounded ellipsoids based algorithm has the advan-
tage of simplicity and computational efficiency (e.g. [12,18,20]).
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Recently, many researchers are interested in dealing with the set-membership filtering problems for various uncertain
systems. A nonlinear set-membership filtering approach which applies the ellipsoidal approximation algorithm is developed
in [30]. A computationally efficient algorithm for set-membership filtering with ellipsoidal approximations is introduced in
[21]. A set-membership based framework for the designing of nonlinear system is proposed in [1]. A set-based estimation
method for T-S fuzzy systems with unknown output delay signals is introduced in [43]. A set-membership identification
approach is used in [15] to design a fault detection system for mating a pair of electric connectors. In [27], a set-membership
identification method is used to control the power kites for wind energy conversion. Except for ellipsoids, there are also
set-membership state estimation methods based other geometrical forms such as zonotopes [8], positive invariant sets [22],
polytopes [34], etc.

It is assumed that the observation is always consecutive in much literature (see for example [19,40,41]). In applications,
however, the observation cannot always be perfectly obtained. For example, packet loss in the networked control systems
[29], or sensor failure in a real system, will both lead to the missing observations. The filtering problem with missing obser-
vations was first studied in [14] and [24]. Such a problem has attracted much attention during past few years because the
network is widely used in modern applications. One of the modeling methods for missing data is using a binary switching
sequence specified by a conditional probability distribution (see [14], [24] and [32]). Based on this model, the statistical
convergence properties of Kalman filter with missing observations have been discussed in [32], and robust finite-horizon
filtering with missing observations is presented in [35]. To the best of our knowledge, limited literature can be found on
the topic of set-membership filtering with missing observations. Wei studied the probability-guaranteed set-membership
filtering problem for a class of time-varying systems with incomplete measurements [37]. Yang addressed the robust set-
membership filtering algorithm with missing observations [42]. In [9], the set based method with limited communication
was proposed to design a self-triggered and event-triggered observer. At the same time, we noticed that the convergence of
the algorithm was rarely discussed. There is still much room for improvement of the studies in this field. In [8], a zonotopic
Kalman filter was proposed, and a bridge between the zonotopic set-membership and the stochastic paradigms for Kalman
filtering was built. In [23], an H-infinity set-membership observer was proposed and the estimation error was bounded by
an ellipsoid robustly positive invariant set. The advantage is that this approach does not need online computation of sets.

In this paper, we model the missing observations by an unknown but limited sequence. The realistic background of
this missing observation model is motivated by the features of packet loss in intermittent communication. We usually do
not know when the packet loss will happen. However, when the packet loss happens, it is reasonable to assume that the
communication will be recovered within finite time. In other words, the maximum packet loss period is supposed to be
known in this model. This work follows the line of optimal bounding ellipsoid (OBE) algorithm (e.g. [6,25]), which calculates
the updated sets online and solves an optimization problem to guarantee that the volume is minimized. The advantage is
that this class of algorithms has a relatively small estimated set compared with the original ellipsoid estimation approach
in [31]. The main contributions of our work are: 1) the convergence of the proposed set-membership filter with incomplete
observations is theoretically studied; 2) the effect of the missing observations to the estimation error of filtering algorithm
is analyzed and some quantitative results are obtained.

The remainder of this paper is presented as follows. Several definitions used in this paper are described in Section 2.
A set-membership filtering algorithm with incomplete observations is proposed in Section 3. The stability analysis of the
proposed algorithm is given in Section 4. Section 5 firstly provides a numerical example to demonstrate the effectiveness of
our algorithm, then compares our proposed algorithm to a related Kalman filter. Conclusions and future work are described
in Section 6.

2. Notation

Let R denote the set of real numbers and N the set of natural numbers. For vectors in R, we use || - || as the Euclidean
norm.

Definition 2.1. The description of an ellipsoid is given by a set 2 € R
Q={x:x-a)P'(x—a) <o?},

where a € R" is the center of the ellipsoid, x € R" is an arbitrary possible value within the ellipsoid, and P € R™" is a
positive definite matrix which determines the shape of the ellipsoid. o € R is not a physically interpretable measure of the
size of the ellipsoid. It has been noted in [11] that ¢ is usually considered as a measure of optimality in OBE algorithms.
We represent the ellipsoid as Q(a, P, o).

Definition 2.2. The vector sum ¥ of two ellipsoids €2; and 2, is defined as
Y={X:X=x +X2,X1 € R1,% € 2}
Y is also described by ¢ = Q1 @ Q5.

Definition 2.3. The outer bounding ellipsoid €2 is the ellipsoid which includes the vector sum v, i.e. we have ¥ C€s. In
the two-dimensional case, we can depict it as Fig. 1.
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Fig. 1. The outer bounding ellipsoid of the vector sum in the two-dimensional case.

Fig. 2. The outer bounding ellipsoid of the intersection in the two-dimensional case.

Definition 2.4. The intersection I" of two ellipsoids £2; and 2, is defined as I' = {x : x € Q; Nx € ©,}. In what follows, I is
denoted by I' = 2 N 5.

Definition 2.5. The outer bounding ellipsoid €2; is the ellipsoid which includes the intersection set I', i.e. we have 'C;. In
the two-dimensional case, we can depict it as Fig. 2.

Definition 2.6. The lower and upper bounds of time varying matrix X, are defined as x < ||X;|| < X, where the matrix norm
[IX]| = v/A1, Aq is the largest eigenvalue of X'X.

At time k, the estimated and predicted value of vector x; are denoted by X and xy,_;, respectively.

Definition 2.7. The worst-case estimation error is defined as

||Qk||max = SUP ||X _)?kH = 6k\/ )\max(Pk)v

PE

where Amax(Py) is the maximum eigenvalue of matrix Py.
3. Set-membership filter with incomplete observations
3.1. Problem setup

Consider the following class of linear discrete time-varying systems
Xr1 = Akxk + W, (1)

where x, € R™ is the state vector. A, € R™*"™ is a known time-varying matrix with appropriate dimensions and w; € R™ is
the UBB noise which belongs to the given set W, = Q(0, Q,, 6w), where Q, is the known positive matrix and oy is a known
positive scalar which represents the upper bound of the noise.

The output measurement, which may have missing data, is represented as follows

Yie = Y (Cexye + V), (2)

where y, € R is the output vector of measures and usually ny, < nx. {1} is an unknown binary sequence composed of 0
and 1. That is, yj is available if Y}, =1 and y; is missing if Y}, = 0. G, € R»*™ is also a known time-varying matrix with
appropriate dimensions. v, € R is the sensor noise which belongs to the given set €2(0, I, ), where y is a known positive
scalar which represents the upper bound of the noise.

The initial state, xq, is bounded by the ellipsoid (%, Py, 09).

3.2. Time update

At time k, assume that the state vector x; is bounded by an ellipsoid Q2(&y, P, oy)-
According to (1), the state vector at time k + 1 satisfies

X1 = (X +wWix e A, we W}
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_ -1 _ 2 ~ . = ~
where 4, @ — {x: (% — %)TP, (X —X;) < 1), A0d Xp = Ay, Py =APAL 0y = 0y
Based on the Appendix A of reference [20], considering ellipsoids €2;, €2, and the outer bounding ellipsoid 2 which
includes their vector sum, the following equation is satisfied

Q(ay. Q1. 01) & Q(az2. Q2. 02) = 2(a; +a2.Q(p). o), (3)

where Q(p) = (1 +p)j—‘zQ1 +( +p‘1)Z—ziQ2, p > 0. The selection of parameter p determines the property of the outer
bounding ellipsoid 2. Parameter 0 > 0 and can be selected arbitrarily.

The prediction ellipsoid containing the state at time k + 1 is defined as €2, 1k = QXpey 11> Pt Tk

From (3), it follows that

X1k = A&, (4)
o; T 1 _Ow

Peiije = (14 pr) ——APA, + 1+ p) Q. (5)
k+1]k k+1|k

Since parameter o > 0 and it can be selected arbitrarily, we select ak2+” K= akz. Then we have
T 1%
Peyije = (1 + p)APA, + (14 p, )G*V;QJ« (6)
k

Remark 3.1. Actually, the selection of Gk2+l| ¢ has no influence on the shape of the prediction ellipsoid €2, ;. The reason is
illustrated in the following.

From the definition of € and (5), we have

o2 52
Qe =X x—x1p)" ((1 + D) APAL + (1 + D) Qe ) 7 (X = Xeeap) < 0241l
K1)k Okr1lk

After simple manipulation, it follows that

Qi = % 1 (X = X)) T (1 + pIOZAPAL + (1 + P DF2Q) (X — Xpepap) < 11 (7)
From (7) we know that the selection of ‘7k2+1|k does not have any influence in the property of the prediction ellipsoid €2y .
Remark 3.2. The selection of parameter p, determines the property of ellipsoid €2y, . Traditionally, a minimum trace

algorithm is provided in reference [6]. According to the method in [6], if the parameter p; satisfies p, = ‘;—‘;(V %, then
KTk

the trace of matrix P, (which is a measure of the ellipsoid’s volume) achieves its minimum. In order to guarantee the
stability of the proposed set-membership filtering algorithm, we need to select a lower bound of the parameter p;, which
is discussed in Theorem 4.1.

3.3. Observation update

Due to the possible loss of measurements, we need to categorize the observation into two cases, i.e. the case where the
observation is available and the case where the observation is missing.

3.3.1. Observation update when the observation is available at time k + 1
In this case, Y}, 1 =1 holds. From (2) and the property of measurement noise, we know that the state vector is bounded
by the following set with observation
Epsr = {x 2 |[¥isa _CIH—IXH2 <y?.
According to Proposition 2 in [26] and Theorem 2.1 in [10], the estimated ellipsoid €2;,; at time k+ 1 can be obtained from
the linear combination of €2, and E,(H. That is, we have

r . 3 Tp-1 3 2
Q1 = {Qak NEga} = {x 0 i1 — Rir1) Py R — Rin) < 001}

) Tp-1 2_ 2 2
= {x 1 (X = X1 B X = X1 + Qe |1V = CeaXI1° < 05 ape + Qe v )

where gy, is the parameter which determines the volume of ellipsoid €2, satisfying q;,; > 0. From the mathematical
derivation proposed in [25], we have:

—1 —1 T
Pk“ =Lkt Qk+1Ces1Cer1 (8)
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2 _ 2 2 T oot
Ot = Tt t D1V ™ — Qr1€ge 1541 €kt (9)

s T
Xk+1 = Xk+1)k T Qk+1pk+lck+1ek+1: (10)

T
where Sk+1 =1+ Qk+1Ck+1Pk+l\ka+1v and €1 = Vik+1 — Ck+1xk+1\k~

Remark 3.3. The optimal problem of selecting parameter g, ; also has been discussed in [26], the objective of optimization
is to minim.ize okzﬂ with respect to.par.ameter (.1 According to the optimal bounding ellipsoid(OBE) algorithm which is
introduced in [26], if g, = Qi1 satisfying

0 k1 <Y
= 1
Ty {gk;w;l'l),ekwy, (a

. . . T
where g, is the maximum singular value of Gy P 14C,

2 . . .
10 then 04 achieves its minimum.

3.3.2. Observation update when the observation is missing at time k + 1

: . L . _ 2 2 s
In this case we directly choose the ellipsoid €2,,1 as €2 q). That is, we have B_, =Py, 01 = Tilk and X, 1 =
Xi1[ke

3.3.3. Set-membership filtering algorithm with incomplete observations
Now we summarize our set-membership filter with incomplete observation as algorithm 1.

Algorithm 1 Set-membership filtering algorithm with incomplete observations.
Require: Xy, Ay, 0, Ow, P, Qo Yiy1, v
1: Calculate the center of prediction ellipsoid X1, from (4)

. _ ow [_tr@Q
2: Select the parameter p; = ok | TARAD)

: Let op 1k = 0%
: Calculate Py from (6)
: if Yy =1 then
Select the parameter g, from (11)
Calculate P, q, 0y,1, X1 from (8), (9), (10)
else
if T}, ; =0 then
10: Calculate P ; = Py 071 = 0k2+1|k and Ry, q = X1k
11:  end if
12: end if
13: return R, q, Oy, 1, Pey1-

© % N2 hw

4. Main results
4.1. Stability analysis if observations are available all the time

First of all, we rewrite (6), (8) and (10) as follows:

Peyik = UARAL + Qf, (12)

Pk+1 = (I - Kk+1Ck+l)Pk+1|ks (13)

K1 = Xipajk + Ky Ui — GesrXega i) (14)
where

-1
1

K1 = Q1P Cryg = PGy <‘1111 + Ck+1Pk+1|kC/L1) ,
k+

52
and o =14 pg, Q= (1 +PE1)%"”2'QJ<-
K
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In order to prove the asymptotical stability of the proposed set-membership filter when there is no noise (w, = v, = 0),
we introduce a result in reference [28]. Considering two non-singular square matrices M and N and (M + N—1!) is invertible,
the following equation holds

MT+N)Y '=M-MM+NHM. (15)

The following lemma gives the relationship between P and Py,_q, which is necessary for the analysis in the following
theorem.

Lemma 4.1. If the discrete time-varying system (1) and (2) is observable, (A;, Cy) is in the form of Luenberger second observable
canonical form, then A, (I — K, C,) is invertible and

1 1T T p-1 1 (p-1 T AT =1 “1p-1
P = o Ay (T=K&Go) ™ - [Py — B By + (I = K CGo) A Qi A (I = KiG)) ™ Py 41

(I - KGC) A (16)

Sketch of the Proof: This inequality comes from equalities (13). At first, we must show that A, (I — K;C,) is invertible.
Assuming that A, and C; follow the Luenberger second observable canonical form, it is known that A (I — K;.C;) follows a
full rank matrix form. By applying (15) and some transformation, we can obtain the inequality (16). Detailed proof could be
found in the Appendix 6.1.

Next some assumptions used in this study are given.

Assumption 4.1. The UBB noise is bounded by ||wy|| <w, q < [|Q]| < q. |lv|| < D. The system matrix is bounded by a <
||Ak|| <a, c< ||Ck|| <C

Assumption 4.2. The discrete time-varying systems (1) and (2) are observable.

Based on the two assumptions and Lemma 2 in reference [30], if Py is a positive define matrix, then there exist real num-
bers § and s such that s- 1 <P <$-1and s-I < Py_y <S-1. We know that Kj = qukle, and then I — K;C;, is also bounded.
We write that k* < ||l — K,Cy|| < k*. The state estimation error is written as & = X, — Xgk—1- Now we are ready to present
the first main result.

Theorem 4.1. Suppose Assumptions 4.1 and 4.2 are satisfied, (A, Cy) is in the Luenberger second observable canonical form. Then
the estimation error of the set-membership filtering algorithm 1 will converge to a bound &1 satisfying

_ K3+,/K32+4K1K2

&1 =
2K2

)

A2 1-« o
where k1 = T ky = —k 1 = 2ank*

5 PG gty 3= s f is the upper bound of ny, which satisfies n, = wy, — A Kvy.

Sketch of the Proof: We first construct a Lyapunov candidate for the estimated error vector . Since Assumptions 4.1 and
4.2 are satisfied, it is known that the system parameters are bounded and the inequality discussed in Lemma 4.1 holds.
By applying the bounds of system parameters and the inequality (16), we can prove that when ||{;|| > &1, the Lyapunov
candidate is negative. Detailed proof could be found in Appendix 6.2.

Without loss of generality, it should be noted that our proposed estimator also works for a class of systems that is not
in the form of Luenberger second observable canonical form. If we can find a state space transformation x; = T°x} which
brings the original system to the Luenberger second observable canonical form, then our estimator still works for the original
system. If we cannot find such a state space transformation, from the analysis in Appendix 6.1 it is known that our analysis
requires the matrix A, (I — K;C;) to be invertible. If the original system satisfies this condition, our analysis still holds and
thus the estimator works for it.

4.2. The effect of data loss duration to the maximum estimation error

Theorem 4.1 gives the convergence condition of algorithm 1 if the observations are completely available. On the other
hand, the convergence and the estimation error of proposed filtering algorithm are obviously influenced by the missing
observations. In this subsection, we investigate the relationship between the maximum estimation error of filtering algo-
rithm 1 and the duration of observation loss. In the following, emax is used to denote the maximum estimation error which
is tolerable in the application of algorithm 1. n is used to denote the number of continuous missing observations, i.e. the
observations are lost from time k+ 1 to k+n with n > 1 for some k € N.

Theorem 4.2. If the system state estimation error of the filtering algorithm 1 during the observation loss is bounded by & ;| <
&max, Where i = (1,---,n),k > 0, then the number of continuous missing observations has the following properties:

1 Ifa=1, then n < fmalldl
. < Emaclitl,
2. If a> 1, then we have

n< ln[(d— 1)5max+wl —ll’l[(d— 1) ) ”gk” +W]
= Ina '

(17)
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3.Ifa<1land (@—1) - &max + W > 0, then we have (17).
4. Ifa<1and (@—1)-emax + W < 0, then the missing observations do not affect the estimation.

Sketch of the Proof: Assuming that the observations are lost from time k+ 1 to k+n with n > 1 for some k € N, the
estimation error ¢, may increase as time goes on during this period. We first need to derive the relationship between ¢
and {,,. For all the four cases of this theorem, we can obtain the corresponding maximum bounds that ¢, may reach.
If the maximum tolerable estimation error emax is given, by solving the equality )., < &émax We can obtain the maximum
tolerable number of continuous missing observations. Detailed proof could be found in Appendix 6.3.

Theorem 4.2 has revealed the relationship between the desired maximum estimation error and the allowable duration
of observation loss. It should be noted that the accurate estimation error ¢ is not known in the filtering process. What
we know is only the updated ellipsoid which contains the true state value. For the practicability, we propose the following

corollary.

Corollary 4.1. Assume that all the assumptions in Theorem 4.2 hold, the estimation error of Algorithm 1 is bounded by emax if
the following conditions are satisfied:

1LIfa=1, thenn< 75"1"’(7"9;,”‘"”'"‘“.
2. Ifa>1, then

n < In[(@ - 1)emax + W] —In[(@—1) - ||Qk\k—1||max+W]
- Ina '

3.Ifad<1and (@—1) - &max +W > 0, then we have (18).
4. Ifa<1and (@—1)-emax +W < 0, then the missing observations do not affect the estimation.

Here ||Qk\k—l [lmax = 0'k|k71\/)hmax(Pk\k—1)-

Sketch of the Proof: The proof generally follows the line of Theorem 4.2. We replace the role of estimation error ¢ with
the worst case estimation error for predicted ellipsoid €2_;. Detailed proof could be found in Appendix 6.4.

The corollary shows that if there is only limited observation loss during time k+ 1 to k+n, the estimation error can
then be guaranteed to be smaller than the maximum estimation error &max. Since [|€x_1|Imax can be obtained in each
period, this corollary may be used for monitoring the proposed filtering algorithm online.

(18)

4.3. Estimation error tightened based on constraint observation dropout rate

From Theorem 4.1, we know that if the observations are available all the time, the estimation error will converge to a
bound ¢¢. Theorem 4.2 gives the relationship between the duration of data dropout and the maximum bound of estimation
error. Based on the conditions of Theorem 4.2, actually, we can further reduce the estimation error if the data dropout rate
is small enough. To explain this, we first introduce a result coming from the analysis of Theorem 4.1 in reference [2], we
represent it as a lemma here.

Lemma 4.2. If the following assumptions are satisfied:

k+m—1

A AT
aily, < Z Ak+m,i+1QiAk+m_;+1 < azly,
i=k

k+s,(m)
bilv = )" Alkisen G RGAkis, < D2,
i=k
where Ay jie = A jirj1Akejotirjoz - Artio Ak = A Arsjk =A;I}<+j~ Ak =In, s(m) (respectively si(m)—m) is the
length of the sequence Y, among which m is the number of Y} =1 (respectively Y, =0). Then the matrices P q) and Py
are bounded and given by so -1 < Peyqjx <So -1, So- I <P <5p-L

The following definition is introduced to quantitatively describe the data dropout rate which is proposed in our previous
work [13].

Definition 4.1. Let r(N): {1, 2, ---} — [0, 1], then r(N) is said to be the data dropout rate over N steps (DRNS) of system (1),
(2), if VN € {1, 2, ---}, r(N) satisfies

N
r(N):Zl_NT".

k=1

With limited missing observations period and data dropout rate, we can obtain an tighter bound than the bound &max
which is discussed in Theorem 4.2. Then we would like to introduce the following result.
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Fig. 3. Estimation error || (k)|| during observations missing period.

Theorem 4.3. Suppose that Assumptions 4.1, 4.2 and all conditions in Theorem 4.2 and Lemma 4.2 are satisfied. Selecting an

2
. . . . —K30—/ K39 +4K10K20 . . , . .
estimation error bound &, which satisfies gy < €2 = €max, then the estimation error’s bound will be tightened

from emax to &, if the following inequality satisfies:

570(’<20£% — K3082 — Klo)

r(N) < —— - , (19)
(2aWemax + W2) + 50 (k2062 — k3082 — K10)
where
fi2 1-a ) 1 2ank*
K10 = —.,K = +__2 =—— , K30 = .
So asg(so~! + axk*2a2/q) So

Sketch of the Proof: The sketch for the proof of Theorem 4.3 can be explained as follows. We consider the whole system:
either observations are available or no observations are available. In the first case the system is stable and we have a
decreasing Lyapunov candidate like AV} ; < —c;, where ¢; is a positive constant. In the second case, the system is unstable.
We have an increasing Lyapunov candidate like AV, > c,, where ¢, is a positive constant. If the data dropout rate is
limited so that it is possible to find a decreasing overall Lyapunov candidate AV ; + AV, o <0, then we can say that the
whole system is stable. The detailed proof can be found in Appendix 6.5.

5. Numerical examples

Consider the following discrete time-varying system with incomplete observation

0 04+«
Xk+1 = |:1 09 k i|xk+wk

Ve=Te([0 1 Jxe+vp).
Note that this system is observable and (A, C;) follows the Luenberger second observable canonical form. In this system,
we have a > 1. The state is x; = [z;z] and oy, belongs to the known range [&in, ¢max]-
In all simulations, we consider that the system works in a finite-time interval of 50 samples. The initial state of this

. 041 1 0 0.003 1 0
Xo = [0.39], PR = [O 1], 0p = 0.01. The other system parameters are wy = [0.003], Q= [0 1],

. L 0.4
simulation is: xg = [0.4],
Vy = 0.01, oy € [0, 005]

An application of the proposed set-membership filter with incomplete observation has been reported in our previous
work [36]. Indoor localization could be realized by data from wearable sensors and the RFID reading subsystem which
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Fig. 4. Estimation error ||¢(k)|| dynamics with r(N) = 0.4.

provides the observations. Note that the RFID tags were distributed at separate areas so that the observations are not guar-
anteed to be obtained at each time. Experimental results show that the proposed set-membership filter can significantly
reduce the accumulated error of indoor localization system.

5.1. Checking the effectiveness of Theorems 4.2 and 4.3

First, we conducted a simulation to verify the effectiveness of Theorem 4.2. In this case, the prior bound of maximum
estimation error is set as emax = 0.1. According to Theorem 4.2, we can calculate that n < 6.41 at time k = 5. Assume that
the measured signal y, is missing from time k =6 to k=11, the estimation error ||{(k)|| versus time is represented in
Fig. 3. It is shown that the estimation error will not surpass emax if the duration of data loss satisfies the constraint given
by Theorem 4.2. The curve also shows that the initial estimation error will decrease to a certain level if there are no missing
observations.

Secondly, a simulation was conducted to verify the results of Theorem 4.3. In this case, according to Theorem 4.1, we
can obtain &; = 0.005. Choosing &, = 0.05, then according to Theorem 4.3 we can calculate the DRNS of this system. It
should satisfy r(N) < 0.47. Selecting the DRNS of this system as r(N) = 0.4, m = 30 and s,(30) = 50 satisfy the assumptions
in Lemma 4.2. Fig. 4 shows the dynamics of estimation error using the proposed filtering algorithm.

From Fig. 4 we can easily find that if the conditions in Theorem 4.3 are satisfied, we can tighten the estimation bound
from emax to &, which verifies the effectiveness of Theorem 4.3.

5.2. Comparison with the Kalman interval filter

This section is devoted to the comparison of our algorithm with the Interval Kalman Filter proposed in [33]. The Interval
Kalman Filter of [33] has not been designed to deal with missing observations, so the idea of this comparison is to show that
our algorithm can provide better results when there are such missing observations. Note that in [33], an interval Kalman
filter is introduced to deal with the parameter uncertainties, whereas we do not consider parameter uncertainties here so
that the related intervals are taken as exact system parameters. We use the same UBB noise and apply the predicted value
as the final estimated value when observations are missing from step 11 to 16, and step 31 to 33. The comparison result is
shown in Fig. 5. From this plot we can see that the proposed set-membership filter achieved better performance in the case
of UBB noise, which shows that our algorithm for dealing with incomplete observations worked.

6. Conclusions

This paper deals with the set-membership filtering problem with incomplete observation for discrete time-varying sys-
tems. The relationship between missing observations and estimation error is discussed and a recursive algorithm has been
proposed to calculate an ellipsoid which always contains the true value. The algorithm is very suitable for online applica-
tions with missing observations such as networked control system. In the future, we also would like to extend our method
to more complicated systems, e.g., the switched or hybrid systems.
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Fig. 5. Comparison with the Interval Kalman Filter of [33].
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Appendix A
6.1. Proof of Lemma 4.1

We first show that A, (I — K;C;) is invertible. Write A, C, and K in a partitioned form of Luenberger second observable
canonical form, then we have

0 aq kl
I A L ]

where zero vector 0, € RV(™=1) jdentity matrix I,_; € RMm=Dx=1 " 7ero matrices 0c € R¥*(M=1 1. € R™ is a vector
with elements equal to 1. For matrices K, € R, kg € R1*, k ¢ RM~D*"y_Then we can write A,(I — K,C;) in partitioned
form

0 I
Al = KGy) = [ﬂ lnl1]‘

Obviously, A (I — K, Cp) is invertible.
Note that (13) can be written as

1
Pk+1 = (I - Kk+1ck+1 )Pk+1|k(1 - Kk+1Ck+1 )T + KK’H]KI’(FH' (20)

+1

The reason is explained in the following.
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From the notion of K, we know that
-1
T 1 T
Pe11kCeyq %711 + Cer1 Pk = Ki11,
+

1
PeiCiat = Kier1 - CesrPosanGlq + EI),
+

1
Pes1kCist Kie 1 = K1 Gest PG K + kaHKkTH-
+
It follows from (21) that
1
(= Kier1Geet)Pecte = (= Kt G Bt = KieraGee)T + o —Kia K.
+
Thus we can obtain (20).
From (20) it follows that
Pyt = (= K1 Gy )Py (I = Ky 1 G )™
From (12) we have
Pt = (APiAy + Q)"
Substitute (22) into (23), then we have
Pl = (o 'AT U= KGR (1= GG T AT + Q).
By applying (15) into (24), it follows that
-1
Pk+1\k =
[o AT (1= KiG) ™ P, (1 — chk)-]A,;UrQ,j*l]’
o AT - KG) TP (- KGe) T AL

k\k
= o 'A T - KG) TP, ‘k LI -KGC) A _aklA TI—KG) klk
[Pk“} (I~ KiG)TALQ; A~ KiG) |

P (=K' A =o' AT (I = KG) ™"
|:Pk_|k l_Pk|I: [Pku: 1+°‘k(1_Kka)TAﬁQk_]Ak(I_chk)] Pk 1]
(I - KCo)™! A,:

This completes the proof of lemma 4.1. O

6.2. proof of Theorem 4.1

Because there is no missing observation, it follows that

Cie1 = Xir1 — Xi1jk = AXi + Wi — ARy
= AXi +wy — Ag (xklk—l + K vk — GeXge—1 ))
= A + A Cexye — A G + Wy — A1 — AKiyie + Ak CieXg -1
= A (X — Xepk—1) — AkiCre (i — Xepe—1) + AkiCexye + wie — AKiy
= A = KCo) S + Al GeXy + Wi — Ay

Substitute (2) into (25), we have
i1 = A = KiGi) S — AeKievye + w.

Let the Lyapunov candidate be Vj,{({yq) = ;‘,{THP,:W{,(H. Then we have

Vier1 (Sken) = k+1|k§k+1 = (A = KC) Sy +my) TP - A = KGo & + i)

= gl (- KG)TALP, +1|kAk(1 - KC) &k + &l I — KG)TAL P

+ny k+1“<Ak (I = KG) &y + k+1|knk

<o AT (= KiG) T Py (1= KiG) A — o " AT (= KiGo) T P (1= KiG) ™AL
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(21)

(22)

(23)

(24)

(26)
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By applying Lemma 4.1 in (26), we have
Vier1 (Gie1) =< CkT(I—Kka)TAﬂ CATA-KG) T (27)
(P 1 = Paps Py roe(l = KiGo) " ALQy AT = KiGo) ™ Py 1
(= KiG) AV~ KiCGe + & (= KGO TALBG ) i+ nEP ) Al = KiGo) i+ nEPY
= o 4 TRy — Pty By Honed = KiG) T AL Q ™ A1 = KiGo)) ™ -
k_|k,1]§k + &0 (= KG)TALP! vt [k + ng k““/\k(l KiG) i + 1, kmk”k (27)

From Eq. (13), we know that I — K,C, is positive definite matrix. According to Assumptions 4.1 and 4.2, the matrices
I — K,C, is bounded. Using the appropriate upper and lower bounds in (27), we have

Voo Qo) = 0 R o I 281+
This results in
Vi Gern) ~ViGo) = (@~ DVe(&) ~ ——— gyl + 22 g
S (s + apk*2a2/q) S
Considering the bound of Lyapunov candidate, we have
SlIG? < Ve < Sl 2.
It follows that
Ve Q) = el&) = 3" = DIIBIP = gl ] CLTA
By applying the notion of k1, k5 and k3, we have
Vier1 (Gee1) = Vie(G) < —kal 18l 12 + 3]Gl | + k1. (28)

—K3—/k2+4
It is easy to see that Vi (i 1) — Vi(&x) < 0 will hold for all [|¢ ]| satisfying [|Z;]| > w This completes the
proof. O

6.3. proof of Theorem 4.2

In the case of missing observation, we have £ = X, 1x and Py,; = P 1)y Thus the system estimation error in this case
is represented as
Skl = Xiw2 — Xpey2lks 1
= A1 X1 + Wit — A1 X
= Api1Xi1 + Wigq — AeaXir1k
= A1 K1 — X1 i) + Wi

Obviously the dynamics of systems estimation error is:

Ckr1 = A1 Sk + Wiy 1

After n steps, we can obtain the estimation error ¢, ,. Considering that the upper bound of w is ||w||, we have

||§k+n|| = ||Ak+n—1 §k+n—1 + Wk+n—l||
= ”Ak+n—1 [Ak+n—2€k+n—2 + Wk+n—2] + Wiina1 ||

= ”Ak+n—1Ak+n—2 ARG+ Wiin-1 +Ak+n—1wk+n—2
+Ak+n—lAk+n—2Wk+n—3 +. +Ak+n—1Ak+n—2 = ~Ak+lwk||
n-1
= ” l_[AkJri;kH + W+ ||Ak+n—l ” W+ ||Ak+n—1Ak+n—2 <A ||
i=0

n-1 i

= ”l—[AkJrl;kH +W+Zl_[||Ak+n ]|| w.

i=1 j=1
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Thus we have

n-1 i

n-1
Skenll < T HAll - gkl + W+ Y T T HHAkpn-jl 1.
i=0

i=1 j=1
If a=1, it follows that

Hksnll < 18kI [ +nw,

Skl + W < emax.

The second result of this theorem is then proved by the solution of (29).
If a # 1, it follows that

n-1
WSinll <@ NGl +W+ Y a W
i=1
1-a" W
1-a

=a" - [[&ell +

Since ||Zyil| < €émax holds, we have

_ 1-a* .
a- |l gl +ﬁ - W < Emax,

_ W
a- [l —m'anfgmax—i—’

w
a—1

dn'(”;kll"‘ )ngax-l—ﬁ.
If a > 1, it follows that

at-[@—1)- &l +wl < (@—1)emax + W,

an < (@—1)emax + W
T@-1 -Gl +w

Taking the logarithm of both sides of (31), then we have:
n-Ilna <In[(@ — 1)&max + W] — In[(@— 1) - [|g || + W].

Part of the first result of this theorem is then proved by the solution of (32).
If a <1, from (30) it follows that

a-[(@—1)-1gll +wl = (@—1)émax + w.
If (@—1)&max +W > 0, due to [|{g]| < emax we have (a—1) - ||Z,]| +w > 0. This results in

> (@—1)emax + W
T@-1-[Gll+w

Taking the logarithm of both sides of (33), we have

n-na>In[(@—1)émax +w] —In[(@—1) - [| &l + w].
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(29)

(30)

(32)

(34)

Because Ina < O holds, another part of the first result of this theorem can be proved by the solution of Eq. (34). When

(@—1)eg+w <0, it is obvious that the following inequality always holds
ar-fa-0 -Gl +wl=a" - [(@—-1) emax+ W] = (@—1) - Emax + W.

This completes the proof. O
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6.4. proof of Corollary 4.1

From the definition of {, we know that ¢ is the geometric distance between x; and xy,_q. It is easy to see that ¢ is
smaller than the worst-case estimation error which is defined in definition 7, so we have

||§k|| = ||Qk|k—l||max
Then we can easily obtain
In[(@—1)emax + W] - ln[(a —1) - || et |

max W]

In
_ In[(@ = Dems +W] - In{@-1) 1zl + W]
Ina
The rest of proof is similar to that of Theorem 4.2. O

6.5. proof of Theorem 4.3
At those time instants when the observations are lost, we have I — K,C, = I and n;, = wj,. Thus, we can obtain the follow-

ing Lyapunov candidate from (26):

Vi1 CGry1) = fkTAszfukAkfk + 2WkPk+]1|kAk§k + szkl]ukwk
Note that Lemma 4.1 still holds but I — Kka = [ in this case. By applying Lemma 4.1, we have

Vierr Gen) <o & [Bga_y = Pty (Pt + A Q' A0 P 16k

+ 2wk k+ukAk§k + kak+”kwk.

Using the appreciate upper and lower bound, it follows that

1 2aw
Y - &kl 1> + 7||§k|| (35)
akso(sﬁ + 0,G2/q )

Vir1 (Gren) = Vie(G) < (o' = 1)Vie(&) —
Because inequality a1 — 1 < 0 always holds, then we have
2aw w21, -
Vier (Ger) = V(@) = —— Gl + — = — (2aWemax +W?).
So S0 So
At the time instants of no data missing, the similar conclusion to Theorem 4.1 can be obtained using the new upper and

lower bounds of P, in Lemma 4.2. Meanwhile the notation of parameters k1, k5, k3 should be changed to kg, k29, K30.
From (28) we know that

Vieer (Cs1) — Ve (Ck) < —kaol 18kl 12 + K301 18kl | + K10- (36)
—K30— [k2 +4K19k20
If —Y X = gy < ||&]] < max. We know that —ko0 (] |2 + &30 [Zkl] + k10 < O.

—2K0
Let f(|1&kl1) = —k20l12kl1? + k3011 Zk]| + K10, then depending on the monotonic of f{||]), in the area of &5 < [|Zk]| < €max,
the maximum value of f{||{l]) is

f(Sz) = —K2()8% + k3062 + K10 < 0.

Let AVy be the one-step increment of Lyapunov candidate at the time instants of missing data, and AV, the one-step
decrement of Lyapunov candidate at the time instants of no missing data. In the whole N steps, if

N-r(N) N—N-r(N)

> AVpi+ Y. AVy;<0,
i=1 i=1

then we can say that the filter is stable.
In the period of missing observations, from (35) it follows that

AVo < & (g, + 7).
So

Then we have

AV] < —KZOE% + K30€2 + K10-
Thus,

N-r(N) N=N-r(N)

Y AVoi+ Y. AVy<Nr(N)- (2awemx +W2) + (N = Nr(N)) - (—k2083 + K302 + K10).-
i=1 i=1 —
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If inequality

1, _
Nr(N) - % (2aWemax + W?) + (N = Nr(N)) - (k2083 + k3082 + k10) < 0 (37)

is satisfied, then the filter is stable, the solution of (37) is (19).
Therefore if the estimation error is within [&;, emax]. it will decrease and converge to &,. That is, the estimation bound
is tighten from emax to 5. O
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