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an analytical solution method for the FWA based on the conclusions of the Karnik—-Mendel
(KM) algorithm. Compared with the two current popular kinds of a-cut based computa-
tional methods for the FWA (mathematical programming transformations and direct iter-
ate computations), our method is precise, and, has a concise structure, efficient
Fuzzy weighted average (FWA) computation process, and.sound theoretical proofs. We propose '[V\{O algorithms for com-
#-Cut method puting the analytical solution of the FWA. Two numerical examples illustrate our proposed

Karnik-Mendel (KM) algorithm approach. ‘ ‘
Analytical solution © 2011 Elsevier Inc. All rights reserved.

Keywords:

1. Introduction

The fuzzy weighted average (FWA) is an important topic in both fuzzy logic theory and applications. It has been used in
risk evaluation [25,28], multi-criteria decision making [4,12,17,27] and information processing and decision making
[6,15,30,35,36], and continues to attract attention in fuzzy logic theory [1,2,5,7-9,11-13,16,19]. Some extensions such as
general fuzzy weighted average, linguistic weighted average and type-2 fuzzy weighted average were also proposed
[10,21,23,29,31,34].

Let X1,X>,. . .,X, be fuzzy numbers and Wy, W,,...,W,, be the fuzzy number weights associated with these fuzzy-numbers.
The FWA can be generally expressed as

WXy + WXy + -+ WX
Y:f(X17X27'"7XH;W17W27"'7WH): 1V\1/1+M2/22<|> +Wn n. (1)
n

Various methods have been proposed for computing (1). Dong and Wong [5] were apparently the first to develop a meth-
od for computing the FWA. They gave an algorithm based on Zadeh'’s extension principle in which (1) is decomposed into a
collection of a-cuts in the unit interval [0, 1]. This «-cut decomposition method became the basis of much FWA research and
algorithm design, e.g. improvements of their method were proposed for computational efficiency in [8,6,18].

The FWA has also been treated as fractional programming and has been transformed into a linear programming problem
by applying the Charnes and Cooper’s rule [7,13], e.g. Kao and Liu [13] proposed an analytical method with the pseudolinear
theory of fractional programming, and Guu [9] viewed the FWA as fractional programming, but suggested a non-constrained
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0-1 integer linear fractional programming solution method. These linear programming (LP) transformation approaches may
be efficient for the FWA, but they can only be employed with the help of linear programming software.

Dong and Wong [5] applied the vertex method to the FWA. Subsequently, some improvements of their algorithm were
proposed [8,18]. Lee and Park [16] also proposed an improved algorithm by using a dichotomy search. Chang et al. [2] gave
a comprehensive review and comparison of discrete FWA algorithms. Chang et al. [3] proposed an improved and efficient
FWA (EFWA) algorithm, which is claimed to be more advantageous than the existing FWA algorithms, and they applied it
to an office-layout design problem. Hung et al. [12] presented an enhanced FWA approach to evaluate the conceptual design
of a mechanical system.

Recent important progress about the FWA is the use of the Karnik Mendel (KM) algorithm to compute it. The KM algo-
rithm was originally used for the computation of the generalized centroid of an interval type-2 fuzzy set [14]. Liu and Mendel
[19] connected the FWA and the type-2 fuzzy set computations, and proposed a new o-cut algorithm for solving the FWA
problem with the KM algorithm. The KM algorithm transforms the fractional programming problem into one of finding
the optimal switch points of the «-cuts; it is monotonically and super exponentially convergent [22]. From [19], it appears
that the KM «-cut algorithms approach for computing the FWA requires the fewest iterations, and may therefore be the fast-
est available FWA algorithm to date. Most recently, Wu and Mendel [32] proposed an Enhanced KM algorithm to reduce the
computational cost of the standard KM algorithm. They [35] also used the KM algorithm to compute the linguistic weighted
average (LWA) of type-2 fuzzy sets. The LWA has been integrated into a perceptual computer and perceptual reasoning
[23,33].

Despite the various solution algorithms for the FWA, most of the existing FWA computations are discrete based, i.e. one
has to discretize the fuzzy numbers into a set of o levels and use the «-cut decomposition theorem. The final fuzzy set of the
FWA can only be observed approximately by connecting these a-cut level values together. This makes the solution accuracy
largely dependent on the sampling division of the «-cut interval [0,1], e.g. if one wants absolute error bounds to be within
0.01, one has to collect at least 100 discrete o-level points, and compute the solutions to the linear programming problem or
perform KM algorithm iterations 200 times. This may be computationally very inefficient. Additionally, these FWA ap-
proaches do not let us observe the inner properties of the problem, i.e. they do not provide closed-form expressions of
the fuzzy set for the FWA, nor do they let us analyze the properties of the FWA. Most current research concentrates on algo-
rithm performance improvements.

The analytical solution attempts for the FWA are very rare. Kao and Liu [13] gave an analytical method for the FWA by
utilizing the pseudolinear structure of the problem; however, their method needs to judge the gradient sign of every variable
at any o-cut level, and as n increases in (1), complexity and difficulty also increases for their method. Van Den Broek and
Noppen [26] regarded the a-cut as a parameter rather than a fixed value, and, by enumerating and comparing the algebraic
formulas of the objective function for V o € [0, 1], they obtained analytical solutions of the FWA for triangular and trapezoidal
fuzzy numbers.

In this paper, the relationship between the KM algorithm switch points and fractional programming objective function
values is analyzed, and an alternative optimal criterion for the FWA is proposed. Because this criterion can be directly con-
nected with the o-cut parameter, an analytical solution method for the FWA is obtained.

The organization of the paper is as follows. Section 2 introduces the main ideas and processes of two FWA solution meth-
ods: the linear programming method with Charnes and Cooper’s transformation, and the direct computation method with a
KM algorithm. Section 3 is the main part of this paper; it proposes a new optimal criterion for the FWA starting with the KM
algorithm, discusses some properties, introduces an analytical solution method for the FWA, designs new algorithms for the
FWA, and compares the computation and performance of our new method with other FWA methods. Section 4 illustrates the
proposed analytical solution algorithm with two numerical examples. Section 5 summarizes the main results and draws
conclusions.

2. Developments of fuzzy weighted average computation

A fuzzy number is a convex fuzzy subset of the real line R and is completely defined by its membership function. Let A be a
normal fuzzy number, whose membership function ps(x) is defined as

fEx) a<x<b,

1 b<x<c
- ’ 2
W= e eoxed 2)
0 otherwise,

fE(x) : [a,b] — [0,1] is a strictly increasing function; and f&(x) : [c,d] — [0, 1] is a strictly decreasing function.
A A
The o-level sets of A are defined as

Ay = {x € X|p~(x) = oc} = [min{x € X|{t4(x) > o}, max{x € X|pt, (x) > o}] = [A(a)L,A(a)U] (3)

According to Zadeh'’s extension principle, the fuzzy set A can also be expressed as
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A= | oA, (4)

However, the computation of FWA in (1) with Zadeh'’s extension principle of (4) is complicated by the fact that it leads to
a nonlinear programming problem, and the ordinary fuzzy number addition, multiplication and division cannot be applied
directly in a sequential way [5].

Currently, the most popular method for computing the FWA in (1) is a discrete solution that uses a-cuts. To begin, one
discretizes all fuzzy numbers in (1) using a-cuts. For each X1,X5,...,X, and Wy, W>,...,W,, and for any « € [0,1], the corre-
sponding intervals for x; in X; and w; in W; can be expressed as:

X; € Xi(o0) = [X,-(OC)L,Xi(OC)U}

wi e Wi(a) = [Wi(fx)L, Wi(a)u}

The a-cut of Y, Y() = [Y(a)}, Y(«)Y] can then be determined by the following pair of fractional programming models [18]:

Y(OC)L _ min w (5)
welwimtwim?] i Wi

Y(OC)U _ max w (6)
wie[W;(@)" Wi2)] YW

Applying the Charnes and Cooper transformation [7,13] to (5) and (6), by letting z=1/(}_{,w;) and t;=zw;, i=1,2,...,n,
they can be reexpressed as the following linear programming problems (« € [0,1]):

Instead of solving the FWA by solving these LP problems, Karnik and Mendel [14] developed two algorithms (KM algo-
rithms) that solve (5) and (6) directly. Among the various direct discrete algorithms for the FWA [2], the KM algorithms
are the most efficient direct FWA computations to date [19]. Because our new methods rely heavily on the KM algorithms,
they are reviewed next [14,19,24,32].

Without considering the specific cut level «, and also regardless of whether Y(«)" or Y(«)V are computed in (5) or (6), it is
necessary to minimize or maximize the function

S XiWi
= i XiWi, 9
Wi ®)

Differentiating flwq,wy,...,w,) with respect to wy, observe that

f(W17W2>~--7Wn)

af(W17W27---:Wn) :Xk *f(WhWZv“--,Wn)
Wi i wi

As noted by Karnik and Mendel [14], equating 9f/owy to zero does not give us information about the value of w;, that opti-
mizes flwy,wy,...,wy), i.e.

k=1,2,....n. (10)

n
L XiWi
f(W17W27"'7Wn):Xk :>Z+‘IMI:X](7
=11
11
S g (11)
S = X.

ik Vi

=

Observe that wy no longer appears in the final expression in (11), so that the direct calculus approach does not work.
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Returning to (10), because > ,w; > 0, it is true that

af(wl,wz,...,wn){ =0 if x = f(wi,wa,...,wy), (12)
oWy <0 if X <f(wy,wa,...,wy).
This equation gives the direction in which w; should be changed in order to increase or decrease f{lwy,w,...,w,), i.e.
If g = f(wi,Wa,...,wy),
f(wy,wy, ..., w,) increases as wy increases,
{f(w1,w2, ...,Wy,) decreases as w; decreases, (13)
If X, < f(wy,wy,...,wy),
f(wy,wy, ..., w,) increases as wy decreases,
{f(w1,w27 ..., Wp) decreases as w; increases.
Because w; € [Wi(o)t, Wi(o)Y], the maximum value w; can attain is Wj(«)" and the minimum value it can attain is Wi(a)-.

Eq. (13) therefore 1mp11es that flwy,wy,...,w,) attains its minimum value f; if (1) for those values of k for which
X < flw1,Wa,. .., Wy), one sets wi, = Wi (o) and (2) for those values of k for which x, > filwy, w5, ..., w,), one sets wy = Wi o).
Similarly, ilwy,w,...,wy) attains its maximum value f; if (1) for those values of k for which x; < {wy,ws,...,wy), one sets
Wi = Wi(a)' and (2) for those values of k for which x; > fiw;,Ws,...,wy), one sets wy = Wi(x)". Consequently, to compute
f; or f;;, wy switches only one time between W(x)" and W(«)", or between Wi(x)" and W;(a)V, respectively.

If X;(a)* and X;(«)V are ordered with X;(o0)t < Xo(o0)t < -+ - < Xp(o0)t and X(o0)Y < Xo(a)V < - - - < Xp(a)Y, then the FWA prob-
lem reduces to finding the switch points k;(o) and ky(o).

Putting all of these facts together, Y(«)" in (5) and Y(«)V in (6) can be expressed as [starting from (14) and (15), for nota-
tional simplicity, k;(o) = k; and ky(a) = ky]:

S Xi(o)' Wi X0 W) + Sy, Xi(o) Wa(o)"

Yo' =f=  min n (14)
ki u L ’
weWi o Wi i Wi Wi + 30 Wia)
U ki U L n U U
Y(oc)U —fr = min S Xi(o) w _ i Xi(a)" Wi + D iy, 1 Xi(o)” Wi(a) (15)
—Ju— n - ki L U ’
weW @ Wi i Wi S W) + i, Wil
where k; and ky are the switch points such that
L X L U
XkL(OC) <fL < X’<L+1 (OC) ) Xku( ) <fU Xku+1( ) .
Table 1
KM algorithms for computing the FWA.
Step KM algorithm for Y(o)* KM algorithm for Y(o)V
1 Sort Xj(a)t (i=1,2,...,n) in increasing order Sort X(«) (i=1,2,...,n) in increasing order
2 Call the sorted X;(o ) ,i=1,2...,n by the same name, which means Call the sorted Xj(o ) ,i=1,2...,n by the same name, which means
that X; (o) < Xa(o)' < - -+ < Xy(«)t. Match the corresponding Wi(a)t, that Xy ()Y < Xo(o)V < -+ - < Xy(«)V. Match the corresponding Wi(a)t,
Wya)V, i=1,2...,n accordingly Wya)V, i=1,2...,n accordingly
3 Initialize w; by setting Initialize w; by setting
Wi W) = Wil)" + Wi
2 2
and then compute and then compute
c = Ex 1Xi(0) Wi = ZLX,-(OC)UW,-
Wi Wi
4 Find k(1 < k <n — 1) such that X,(a)' < ¢/ < Xp(o)* Find k(1 < k <n — 1) such that X;(a) < ¢ < Xper(0)?
5 Set Set
Wio)Y, i<k Wi, i<k
w; = L i Wi = v
Wi(o)" i>k Wi(o)” i>k
and then compute and then compute
n u
(k) Zz 1 ( ) C(k) _ Zi:]xi(a) Wi
n
YW i Wi
6 Check if c(k) = ¢'. If yes, stop and set c(k) = Y(«)* and k = k;. If no, go to  Check if c(k) = ¢'. If yes, stop and set c(k) = Y(«)V and k = k. If no, go to
Step 7 Step 7

7 Set ¢’ = c(k) and go to Step 4
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Table 2
The process of z-cut FWA computation methods.

Step Computation process

1 Express all fuzzy numbers in (1) with their o-cuts, as:

Xi(o) = [Xi(o)' Xi(@)" ], Wie) = [ Wi W)’

2 Sample o € [0,1] with 0=04 <z <--- <y =1, where N can be determined by the tolerance error bound of the problem, e.g. if one wants the
solution error about o to be no more than 0.01, one chooses N = 100. Generally, the more precision that is required, the bigger N becomes
3 Obtain Y(oy)" and Y(ou)V (k=1,2,...,N) with the discrete iteration algorithms, such as KM algorithms in Table 1 or by solving the linear

programming problems (7) and (8)
4 Approximate the final solution Y = Juej0,1)%Ye, = Usefo, 110l Y( Y-, Y(o)V] with the sample values Y(oy)" and Y(og )V for k=1,2,...,N

The Karnik-Mendel algorithms are designed for finding k; and ky. Here, only the basic forms of those algorithms are used
for the FWA, and are shown in Table 1. For more details see [14,19,20,22,23].

It is proved in [22] that the KM algorithms are monotonically convergent and within the quadratic domain of conver-
gence, they are superexponentially convergent. Enhanced KM algorithms were proposed in [32] to reduce computation costs
of the KM algorithms.

In summary, using either the above linear programming problems or direct iteration methods, the solution of (1) can be
obtained for each a-cut level with o € [0,1]. The final fuzzy number solution Y(e) = [Y(a)", Y(o)V](« € [0,1]) is usually com-
pleted by the steps in Table 2.

The above a-cut methods have the following shortcomings:

1. Total computations increase very fast, especially when N is large, e.g. if one wants the precision to have an additional
digit, such as from 0.01 to 0.001, the LP models or direct iteration methods will have to be solved 1000 times, which
is a 10-fold increase.

2. There is a large amount of repetitive computation, because the same model is used at all «;, i =1,2,...,N, independently.
We can anticipate that the solutions at o, and oy.; should be very close, but such information is not utilized.

3. The solutions of Y(«)! and Y(«)" are obtained by connecting the discrete sampling points at o = o (k=1,2,...,N) together,
which means we can never get the exact values of Y(a)' and Y(«)" regardless of how fine a sampling of « is taken.

4. Because we do not have mathematical expressions for the final solutions of Y(«)' and Y(«), it is hard to analyze the prop-
erties of the problem, such as continuity, differentiability and certain kinds of sensitivity analyses. We can only observe
these properties with usually very limited numerical simulations.

3. An analytical method for fuzzy weighted average computations

In this section, using the final solution of a KM algorithm for a specific value of «, we propose an alternative method to
determine the optimal switch points for other values of «. The essence of our new method is to connect the points with the
same optimal switch points together, so that the final solution can be expressed in an analytical way. The advantage of this
approach is that we can obtain an accurate analytical solution of the FWA as a function of &, something that is usually
unavailable for the various discrete o-cut methods. Instead of connecting the FWA values at different «-cut levels, and
observing them in an approximate way, we can use the analytical solution to perform further analyses. This approach is also
computationally efficient because the repetitive linear programming computation in the Charnes and Cooper’s transforma-
tion method, or the repetitive iteration computation in the discrete algorithms for different «-cut levels, can be avoided.

Beginning with the optimal solution forms of (14) and (15), let

k u n L L
(o, k) & ==X ) (“)U - Z;'f"“x"(“) YV"(OC) , (16)
Wia)™ + > ik Wi
k L n a\UTas (U
Sk & SiaXil > (“)L + Tl Ko@) Wi, an
Wi(o)" + 3 i Wi(®)
Then k =k; and k = ky in (14) and (15) become the optimal solutions of (18) and (19), respectively:
Y(o)t = - gnm (o k), (18)
V() = max y(ok). (19)

The KM algorithms find the optimal value of k for each of these problems.

From Table 2, the crucial step of a-cut FWA computation methods with KM algorithms is to find the optimal switch points
k* = ki(o;) and k* = ky(o;) of (18) and (19) with the algorithms in Table 1, for every o = oy, 0, . . ., an. The results for k* should be
k' =ki,k;, ... ky, which correspond to o = ot,0,...,0, respectively. In general, we usually have N > n, so many of the
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values of k* should be the same and emerge repeatedly. Suppose that k; = k; =--- =k, and N are large enough so that the
division of « € [0,1] is fine enough; then, we can anticipate that for V o € [0, ,], the optimal switch point always keeps the
same value k" = kj. We can then express the final FWA results (18), (19) in the form of (16) and (17) with k = k* and param-
eter o € [0, ]. This is an analytical solution of FWA (1) with no error, instead of the approximate solution that connects the
values of (18) or (19) at o = 01,00, . . ., &, together. The latter approach cannot guarantee that all the « values with the same
optimal switch point value have been combined together, nor can it guarantee the optimal switch point k* always keeps the
same value in [o;, 041 |. Next, we propose a method to implement our intuitive observations about combining all the o values
with the same optimal point together and expressing the solution of FWA (1) in an analytical way.

First, we give two important properties of the FWA problem that constitute the bases of our analytical method for the
FWA solution.

Theorem 1. The FWA (1), is a fuzzy number, ie. Vo e [0,1], Yi(o) is increasing, YY(o) is decreasing, and Y'(o) < YY(o).
Furthermore, if all X; W; (i=1,2,...,n) are triangular (trapezoidal) in shape, then Y is also triangular (trapezoidal) in shape.!

Proof. See Appendix A. [

As will be seen in our numerical examples of Section 4, if all X;, W; (i =1,2,...,n) are triangular numbers; it is not neces-
sary that Y is also a triangular number, it only is of a triangular shape.

Theorem 2. The optimal solutions of (18) and (19) with k = k; and k = ky can be determined as follows.

(a) Let

™M=

di(o, k) £

n

(X (@" =X )Wi@) + 37 (X (@ = Xi() ) Wi(@)", (20)
i=1 i=k+2
di(a, k) is an increasing function with respect to k (0 < k <n — 1), and there exists a value of k=k* (1 < k*<n — 1), such that
di(o, k* — 1) < 0 and di(«, k*) > 0. k* is the optimal solution of (18),i.e. k; = k*. Furthermore, when 0 < k < ki, ¢(a, k) is a decreasing
function of k, and when k; < k <n, ¢(o, k) is an increasing function of k, i.e. k; is the global minimum solution of (18) with
Y(o) = (o k).

(b) Let

k n
B2 =3 (Xea@! = Xi@" )Wi@)' = > (Xea (@ = Xi(@)" ) Wi)", (21)
i=1 i=k+2
d.(a, k) is a decreasing function with respect to k (0 < k <n — 1), and there exists a value of k=k* (1 <k*<n — 1), such that
d{o,k* — 1) = 0and d{o, k*) < 0. k* is the optimal solution of (19), i.e. ky = k*. Furthermore, when 0 < k < ku, lﬁ(oc, k) is an increas-
ing function of k, and when ky < k < n, (o, k) is a decreasing function of k, i.e. ky is the global maximum solution of (19) with

Y(0)" = (o ky).

Proof. See Appendix B. O

Remark 1. The optimal solutions of (18) and (19) may not be unique. From Theorem 2, if there are multiple optimal solu-
tions of k*, these optimal solutions must be located together in sequence, and have the same optimal objective value of Y(«)*
or Y(a)t, which is the final form of our FWA problem (1). In the sequel, we do not care whether the optimal solutions of (18)
and (19) are unique, as this has no effect on solving the FWA problem (1).

At first glance of Theorem 2, it appears that for every «-cut level, we need to find the corresponding values of k; and ky,
which is similar to the various current «-cut discrete algorithms; however, as we often have analytical expressions for d,(«, k)
and d{o, k) as a function of «, we can, as explained next, determine k; and ky for some domain of o instead of for a given
specific value of «. Using Theorems 1 and 2, our new analytical FWA computation algorithms are given in Table 3.

These algorithms follow the procedure of the FWA solution method, combining the KM algorithms in Table 1 and FWA
computation process in Table 2; but, according to Theorem 2, we have changed the determination of optimal switch point k*
from an iterative algorithm for a specific value of « (Table 1) into inequalities by solving:

di(o,k—1)<0 and dj(o,k) >0 for k=k" =k, (22)
di(o,k—1) >0 and d.(o,k) <0 for k=Kk"=ky. (23)

1 For fuzzy number X, if X/(1) = XY(1), then it is called “triangular in shape”, otherwise it is called “trapezoidal in shape”. These shapes do not have to have
straight line segments.
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Table 3
The analytical method for computing the FWA.
Step Algorithm for Y(o)t Algorithm for Y(a)V
1 Express every fuzzy number in (1) with their a-cuts as: Xi(o0) = [Xi(o0)%, Xi(a)V], Wi(or) = [Wia)-, Wi o)Y]
2 Sort Xj(a)" (i=1,2,...,n) in increasing order Sort Xj(a)V (i=1,2,...,n) in increasing order
3 Call the sorted Xj(o0)",i=1,2...,n by the same name, which means Call the sorted X;(), i=1,2...,n by the same name, which means
that X; (o)t < Xo(a)r < -+ < X”( . Match the corresponding that X;(a)V < Xa(o)V < -+ - < Xa(«)Y. Match the corresponding
Wia)t, Wia)Y, i= 1.2.4 ., accordingly Wia)t, Wia)V, i=1,2...,n accordingly
4 Using formulas for the o-cuts of the fuzzy numbers, construct the Using formulas for the o-cuts of the fuzzy numbers, construct the
left difference functions d(«, k), for k=0,1,...,n -1, as right difference functions d,(o, k), for k=0,1,...,n -1, as
k k
)= (X (@ = Xi(2)" ) Wil dr (oK) == (X (0" = Xi ()" ) Wi(e*
i=1 i=1
£3° (K X0 Wico! (Xer (20" = Xi()” ) Wi)”
i=k+2 i=k+2
5 For dj(o,k) (k=0,1,...,n— 1), and for Va € [0,1], find the optimal For d{o,k) (k=0,1,...,n — 1), and for Vo € [0,1], find the optimal
switch point k*(1 < k* < n — 1), such that dj(a,k* — 1) <0 and switch point k*(1 < k* < n — 1), such that d{a,k* — 1) > 0 and
di(o, k*)>0 da,k*)<0
6 Construct Y(o)* as: Construct Y(o)Y as:
V(o = ZEXi@ W) + 51 Xo(e) Wi Yoy = ZrXi(® Wil@) + 5 Xi() Wi(e)”
SEWi@) + S Wi SEWio) S Wil@)”

7 The final solution Y can be expressed with its a-cuts as Y = Uxe(o11% Yo = Usefo.1)2lY(a)5 Y()V], or by its membership function

) a<y<b

w)={ b bsvee
Y fBy) c<y<d
0 otherwise
where f£(y) : [a,b] — [0,1] is the inverse of increasing function Y(a)*:[0,1] - [a,b] with a = Y(0)" and b = Y(1)}; and f¥(y) : [c,d] — [0,1] is

the inverse of decreasing function Y(«)V:[0,1] - [c,d] with ¢ =Y(1 ) and d = Y(0)V

Because one can usually obtain mathematical expressions for the a-cut levels of the fuzzy numbers, X; and W;, one can
also obtain mathematical expression for dj(o, k) and d(«,k); hence, (22) and (23) can be solved as a function of «, and there-
fore analytical solutions of the FWA, Y(«), Y(«)V can also be obtained (see Step 6 in Table 3).

Remark 2. For simplification, Table 3 does not give separate expressions for Xj(a)!, Xj(o)V and the corresponding Wi(«),
Wi(«)V when the numerical order of Xj(a)! or X{«)V changes for different value of o < [0,1], nor does it give separate
expressions for Y(«)f and Y(«)” when the optimal switch point k* changes with o« € [0,1] for the same numerical order of
Xi(o)t or Xi(o)V. If either of these changes happen, then « € [0,1] is divided into sub-domains for which X;(o)* or X(o)V
(i=1,2,...,n) keeps the same numerical order, and the same value of k* for all  values in these sub-domains, after which the
algorithms in Table 3 are applied for each of these sub-domains, until Vo € [0,1] are covered.

The solution process and final solution form of Table 3 are very different from the various discrete methods in Table 2, and
are illustrated with Example 1 in Section 4. A comparison of these two kinds of methods is given in Table 4.

Next, we provide discussions on alternatives for determining k* and its sub-domain of o € [0,1] according to the size of
the dimension number n in (1):

1. When n is small, e.g. n <5, using the algorithms in Table 3, one can directly express each of the formulas of d,(«, k) and
d/(o,k) in (20) and (21) as a function of « for different k= 0,1,2,...,n — 1. By observing the plots of these expressions, one
can simultaneously determine the optimal switch point value k* that satisfies (22) or (23) and the corresponding sub-
domains of «, Dy, where:

Table 4
Comparison of analytical method and the discrete methods.

Process Discrete methods (Table 2) Analytical method (Table 3)

Starting point  The cut level value o must be assigned a specific value in [0,1], The cut level value « is treated as a parameter within [0,1], so
that only takes some sample points, with that o € [0,1] can be divided into some subsets. All the infinite
0=0<0p<---<oy=1.O0nly a finite number of points in [0,1] points in [0,1] can be included
can be included

Solution For both KM algorithms and linear programming transformation By solving (22) and (23), the subset of o € [0, 1] corresponding to

procedure  methods, only the optimal solutions corresponding to o; k =k* is obtained, and the optimal solutions corresponding to
(i=1,2,...,N) are obtained these subsets are obtained

Final solution The optlmal solutions are obtained by sampling o with a finite ~ The optimal solutions are obtained by dividing « € [0,1] into

number of points, which can never cover [0,1]. The final some subsets, which completely cover [0, 1]. The final solutions

solutions are numeric and approximate are analytic and accurate




158

X. Liu et al./Information Sciences 187 (2012) 151-170
Dy = {odi(ot, k" = 1) < 0,dy(ot, k) > 0,0 € [0,1]}, for Y(o)" (24)
Dy = {ald (o, k" — 1) > 0,d:(o, k") < 0,0 €[0,1]}, for Y(o)" (25)

This method is intuitive, but is not suitable when n is somewhat large and also is not suitable for computer implemen-
tation, and is illustrated by our first numerical example when n = 3 in Section 4.

. When n is moderate, e.g. 5 < n < 10, one can determine the optimal switch point value k = k* and the corresponding sub-

domains of o in two sequential steps: (1) select a value of o = o* € [0,1], and determine the optimal switch point k = k* at
o = o* by enumerating (22) and (23) for k=1,2,...,n — 1, respectively; and (2) solving the inequalities in (24) and (25), to
determine all the o values with the same optimal switch point of k* as a sub-domain of [0,1].

This method can be implemented on a computer, but the enumeration of dj(«, k) or d,(«, k) makes it inefficient for large-
dimensional problems, e.g. n > 10. This method is illustrated with our second numerical example when n = 5 in Section 4.

. When n > 10, or one does not want to use an enumeration method to determine the optimal switch point, one can

replace the enumeration method in the first step of Item 2 with the KM algorithms in Table 1. This means one can first
select a value of «, then determine the optimal switch point of k* = k;(ky) using the KM algorithms in Table 1 (or its
improved EKM [32]). Then one can obtain the corresponding sub-domain of « € [0,1] that has the same value k* using
(24) or (25).

As mentioned earlier, the KM algorithms method seems to be the fastest method to date to determine the optimal switch

points [19]. It has been shown that even when n > 10, a KM algorithm can terminate within 4-6 iterations [19,22,32].

Alt

hough the KM method is iterative and is suitable for large dimensional problems, it is less intuitive than the direct plot

method in Item 1 and the enumeration method in Item 2, and is not necessary when n is small, e.g. n < 5. Note, also, that we
have not found a FWA example in the literature that has such a large value of n.

do

The algorithms in Table 3 place much emphasis on the fundamental principles that are in Theorem 2. They are intuitive but
not give much details on the complicated cases in Remark 2, namely: when the numerical ordering of Xj(.)* or Xi(o)" is not

the same for « € [0,1]; and when the optimal switch point k* changes with «, even for the same numerical order of X(«)" or
X{()V. In addition, they are limited by the problem dimension, and are inappropriate for computer implementation. Table 5

giv

es more detailed algorithms for the FWA that resolve these issues.
The relationships between the algorithms in Tables 3 and 5 are:

. The sorting process task of Steps 2 and 3 in Table 3 is expanded to Steps 2-6 in Table 5, using an iteration process to par-

tition [0,1] = UJ’-‘lej, such that for Va € S; the order of Xj(«)* or X;(o)" remains the same.

. The optimal switch-point finding task of Step 4 in Table 3 is expanded to Steps 8-12 and the initialization parameter j = 1

in Step 7 of Table 5. A second iteration process further partitions S; into | J;, Dj;, such that for ¥ o € Dj, the optimal switch

point value k;; remains the same.

. In Table 5, Step 9, one can use either the enumeration method or the KM algorithm for different dimensional problems, as

discussed above.

. The final solution in Step 6 of Table 3 is expanded to Steps 13-14 of Table 5, where the solutions are now expressed as

piecewise membership functions.

Next, we give some comparisons of our method with the popular «-cut FWA methods, and the available analytical meth-

ods of [13,26]:

1.

Unlike the various ¢-cut based numerical computation methods, our algorithms always obtain the analytical results
expressed as specific formulas. Our solution is accurate and has no errors, which is very different from the approximate
methods that connect the values for different o-cut levels of the FWA together, whose accuracy is largely dependent on
the how many units one divides the a-cut domain [0, 1] into.

. For a-cut methods, the final fuzzy set of the FWA is obtained by approximately connecting the a-cut level values together.

The solution accuracy depends largely on the sampling division of the o-cut interval [0, 1], e.g. 100 discrete «-level points,
for which there are 100 repeated computations corresponding to a 0.01 error bound limit. If however, we want the error
bound to be within 0.001, 1000 discrete a-level points are needed, for which there are 1000 repeated computations. This
is a 10-fold increase in computation. On the other hand, for our analytical method, increasing accuracy from 0.01 to 0.001
is only an additional digit for the solutions of the two inequalities in (24) or (25).

. Our method is different from most «-cut based FWA solution methods in either the solution process or the final solution

forms. Unlike the current two kinds of a-cut methods, the method of this paper changes the optimal solution finding
strategy from the point-based approximate solution to a patch-based exact solution which seamlessly covers the a-cut
interval [0,1]. In general, Z]I'(:]tj < N, so that our analytical method is more computationally efficient than the o-cut
methods. Our analytical solution is obtained with relatively simple computations, as shown in our two numerical exam-
ples in Section 4.
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An improved analytical method implementation for computing the FWA.

Step Algorithm for Y(o)t Algorithm for Y(a)V
1 Express every fuzzy number in (1) with their a-cuts as: Xi(o0) = [Xi(o0)%, Xi(a)V], Wi(or) = [Wia)-, Wi o)Y]
2 Setm=0, So=J
3 Setm=m+1, select o,y € [0,1] 7Ujrﬁ515j,sortx,-(xm)L,i=1,2'...'n, Setm=m+ 1, select o € [0,1] 7Ujrf515j'sortx,-(ocm)”,i=1.2...4.11,
in increasing order, such that in increasing order, such that
X,.T(ocm)L < Xilzn(otm)L << X (om)*, where (i,d5,...,i") is a Xiql(fxm)u < X (am)! < < Xiy"n(ocm)u, where (i, i,...,i7) is a
permutation of (1,2,...,n) permutation of (1,2,...,n)
4 Find the sub-domain Find the sub-domain
Sm = {afor € [0, 1], X ()" < Xpp ()" < - < Xpm ()"} Sm = {afor € 0,1], X ()" < X (@) <+ < Xpn ()"}
5 Call the sorted Xi(«)!,i=1,2...,n, by the same name, which means Call the sorted Xi(«)!,i=1,2...,n, by the same name, which means
that X (o) < Xa(o)t < - -+ < Xp(or)t. Match the corresponding that X; (o)t < Xa(a)t < - -+ < Xp(a)t. Match the corresponding
Wia)t, Wia)V, i=1,2...,n, accordingly Wi} Wia)V, i=1,2...,n, accordingly
6 If 0,1] - U}ilsj = ¢, then Uj’ilsj =[0,1], go to Step 7, otherwise go to Step 3
7 Set j= 1. Using formulas for the o-cuts of the fuzzy numbers, Set j= 1. Using formulas for the a-cuts of the fuzzy numbers,
construct the left difference functions d(a,k) for k=0,1,...,n — 1, construct the right difference functions d,(o,k) for
as k=0,1,...,n—1, as
k k
di(ok) =3 (X ()" = Xi(@)" ) Wi(0)” dr(2k) = = (Xieer (0 = Xi(@)" ) Wil
i=1 i=1
! L L L . u u u
+ (Xk-I (00)" = Xi(or) ))Wi(“) (Xk-l(“) —Xi(a) ))Wi(“)
i=k+2 i=k+2
8 Setfj=0,Djo=®
9 Set tj=t; + 1, select o €55 — Djr, find the optimal switch Set tj=t; + 1, select o € Si— U?}; Dj;, find the optimal switch
point k}[j = k; with the KM algorlthm in Table 1 at o0 = Ot;, OF point k;, G, = = ky with the KM algorithm in Table 1 at o = O, OF
enumerate d,(o,k) at o0 = o fork=1,2,...,n —1 to find the enumerate d{o, k) at o = Oty for k=1,2,...,n —1 to find the
optimal switch point k = k;:, using the inequalities optimal switch point k = kf:, using the inequalities
dio;, k—1)<0 dr (0, k—1) >0
di(ou;, k) >0 dr(og, k) <0
10 Find the sub-domain Find the sub-domain
Dy, = {ale €S, di(o ,l<ﬁ 1) <0, dl(auki‘ ) >0} Dj, = {ofo € S;, dr (o, K, ity — 1) = 0, di(a, ) <0}
11 IfS; — Ur ,Dj- = &, then §; = Ur 1D;r, go to Step 12, otherwise go to Step 8
12 If j =m go to Step 13, otherw1se setj=j+1, go to Step 8
13 Forj=1,2,....mr=1,2,...,t, compute Forj=1,2,...,m,r=1,2,...,t;, compute
b X () W) + Sl Xi() W) o S0 Wi(@) + D 1 Xi(20) W)
ir ir
W@ + X Wi S W) + S o Wi)”
14 Construct Y(o)* as: Construct Y(o)V as:
La(o), oeDyy ri(o), o€Dpy
La(2), o€Dip r2(®), o €Dy
vt e o~
=1\ b, weby, = hy @), 2eDy,
b, (), 0 € Dy, Tke, (%), 0 € Dingyy
15 The final solution Y can be expressed with its a-cuts Y = Uscfo.1)% Yo = Uaejo, 110 Y(o)5 Y(2)V] or its membership function

) a<y<b

) = 1 b<y<c
! ) c<y<d
0 otherwise

where fi(y) : [a,b] —

—[0,1] is the inverse of increasing function Y()!:[0,1] —

[a,b] with a=Y(0)" and b =Y(1); fR(y) : [c,d] — [0,1] is the

inverse of decreasing function Y(a)V:[0,1] - [c,d] with c=Y(1)" and d = Y(0)" respectively

4. Because our new solution can always be expressed analytically, it is useful for further studies of the local properties and
sensitivity analyses of a problem, e.g. continuity, differentiability and certain kinds of sensitivity analyses, that are heavily
reliant on analytical expressions. In o-cut approximate methods, such analysis is very limited and even difficult to
perform.

5. The method of [13] needs to enumerate the gradient sign of every variable at each «-cut level. Our method does not do
that. The method of [26] uses another enumeration and comparison method for the objective function to obtain the ana-
lytical solution. It is mainly used for triangular or trapezoidal fuzzy number cases, and the solution is expressed piecewise
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in the x-axis. Our method gives an efficient and systematic process for the analytical solutions in Tables 3 and 5, with
additional theoretical proofs in Theorem 2. Our method is also applicable for large dimensional cases, especially when
KM algorithms are used.

6. By combining the direct plot and enumeration methods of dj(«.k) or d{o.k) in Table 3, the method of this paper is very
suitable for small-dimensional problems. Such problems have a deep and rich background in the applications of both
optimization and decision making. It seems that the method of this paper can provide the best results both in precision
and amount of computation for such problems. The method can also be integrated with the current most efficient KM
algorithms, and can provide analytical solutions and more profound analyses for high-dimensional problems.

4. Numerical examples

Here, two examples are presented that are adopted from the FWA literature. The first example [5,13] has three-terms. The
second example is a five-term FWA that appeared in [16]. Kao and Liu [13] gave an analytical solution for the first example.
Van Den Broek and Noppen [26] gave the analytical solutions for these two examples. In our paper, Example 1 uses the algo-
rithms in Table 3 to illustrate the main basic principles, whereas Example 2 uses the algorithms in Table 5.

Example 1. The three-term FWA example found in [5,13] is described by:

X1 0<x <1,
X)) =
o (1) 2-x 1<x <2,
(X)* X —2 2< X <3,
BeX) =4, 3<x <4,
(X)_{X3—4 4 < X3 5,
) =16 _x 5<x5 <6,
(W) = {w1/0.3 0<w; <03,
Hur WD =109 -w,)/06 0.3 <w <09,
(W)_{(w2—0.4)/0.3 0.4 <w, <07,
Fua W2) = (1 Zwy) /03 07 <ws < 1,
(W)_{(w3—0.6)/0.2 0.6 < w; < 0.8,
FwsW3) =01 Zwy)02 08 <w, < 1.

Using the algorithms in Table 3, set n =3, and compute Y(c)" as

Step 1:

Steps 2 and 3:
Step 4:

The «-cuts of the above fuzzy numbers are:

Xi (o) = [ “} (0,2 — a0),

xz(oc)z[ ”} 2+o,4—a),

X3(2) = [X3(a ”} (4+ 0,6 ),

Wi (o) = [ ”} (0.30,0.9 — 0.60),

W, (o) = [ ”} (0.4 +0.30,1—0.30),
Ws(0) = [ “] = (0.6 +0.20,1 — 0.201).

It is obvious that for Vo € [0, 1], X% (o) < X5(r) < X5(), so no re-ordering of the X} («) is need.
Using the Step 1 formulas for the a-cuts of the fuzzy numbers, construct the left difference functions d,(o, k)
for k=0,1,2, as:

di(2,0) = (X1(@)" — Xa(2) )Wa(2)! + (Xa(20)" = Xs ()} )Ws(@)" = -3.2 — 142,
- 06— 1.6,

di(e,2) = <X3(oc)L X (oc)L)W1 (@) + (xg(a)L - Xz(oc)L)Wz(oc)U — 5.6 - 3.00
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d
6 -
4 -
dl(a72)
2 -
10} — 7 T — T «
02 04 06 di(a, 1)
-2+
4 :\
| dl((Jé,O)
—6

Fig. 1. The plots of d/(a, k).

Step 5: Plot these three functions, as in Fig. 1. Observe that for Vo € [0,0.375), dj(«,0) <0, df«,1)>0, and for
Yo €[0.375,1], df(o,1) <0, d(e,2) > 0; hence, for Vo €[0,0.375), k*=1, and for Vo € [0.375,1], k* = 2.

Step 6: Construct Y(a) as:
For Vo € [0,0.375),

L X (o) Wi ()Y 4 Xa (o) W ()" + X3 (o) W ()" 32 4330 — o2
- W (0) + Wa ()" + Wa(ar)" T 19-a

Y(x)

For Vo € [0.375,1],

L Xi ()" Wi ()" + X (o) Wo (o) + X3 () W (ar)" 44+ 2700 — 702
Wi ()" + W) + Wy (o) 25 - 7a

Y(2)

Collecting these results together, we obtain the following closed-form solution for Y(o)":

Y()' = 2apat 0< o< 0375,
4270722 0375 <o < 1.

Proceeding in a similar manner for Y(x)":

Step 1: Same as Step 1 for Y(a)-.
Steps 2 and 3: One finds Vo € [0, 1], XY(x) < XY () < XY(«), so no re-ordering of the XV («) is need.
Step 4: Using the above formulas for the a-cuts of the fuzzy numbers, construct the right difference functions
di(o, k) for k=0,1,2, as

dy (o1, 0) = —(x1 ()" —Xz(OC)U)Wz(OC)U - (xl (o0)! —X3(oc)U> Ws ()Y = 6 — 1.4a,
dr(2,1) = —(X2(2)" = X1 ()" YW1 (@) = (X2(2)" = X3(2)" )Ws (@) = 2 - 2,
dy(0,2) = —(xg(cx)” —Xl(oc)U>W1 (o) — (xg(a)” —xz(oc)”)wg(a)L - 08180

Step 5: Plot these three functions, as in Fig. 2. Observe, that for Vo €[0,1], d{o,1) = 0, d{«,2) <0; hence, for
VYo e[0,1], k*=2.

Step 6: Construct Y(a)V as:
For Vo € [0,1],

v Xi(0) Wi ()" 4+ Xa(00) W (o0)" + X3(0)"W5(2)?  2(19 — 200 — o?)
- Wi (o) + W ()" + Wa(ar)” T 7420

Y(0)

So, the final closed-form solution for Y(«)V is

2(19 — 200 — o?)

7+20+7 %€ [0,1]. (27)

Y(o)Y =
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Step 7: The FWA final solution Y can be expressed with its o-cuts Y =Jyc[o.11% Yo = Unefo.112l Y(a)5, ()] where
Y(o)* and Y(a)V are expressed with (26) and (27). By computing the inverse functions of Y(a) and Y(x)Y
in (26) and (27), respectively, the closed form membership function solution of Y is

16.5 + 0.5y — 0.5,/1217 — 10y + 32

1.929 + 0.5y — 0.071,/1961 — 322y + 49y 2.375 < y < 3.556,

~1-0.5y+0.5,/80 — 10y + y2

Hy(Y)
0

Our formulas for Y(o)! and Y(«)V are the same as the ones in [13,26]; however, our solution process is easier and more
clear. From (26) and (27), our formulas are also consistent with the results of [5] at «=0,0.5,1, for which

Y(0) = [1.68,5.43], Y(0.5) = [2.59,5.44],
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Fig. 2. The plots of d(a,k).

1.684 <y < 2.375,

3.556 <y < 5.429,
otherwise.

and Y(1) = [3.56,3.56], respectively.

Example 2. The five-term FWA example founded in [16] is described by:

(X)_{xfl 1<x <2,
P %) =193 _4, 1<x <3,
_[®=2)3 2<% <5,
HXZ(XZ)*{(77X2)/2 5<x <7,
[(x3-6)/2 6<x3<8,
MX;(X3)_{9_X3 8<X3<9:
C((xa=T7)/2 T<x4<09,
MX4(X4)_{10—X4 9<X4<107
<x>—{"5—10 10 <xs <11,
My (Xa) = 12—x 11<x5 <12,
u (W):{W1—1 T<sw <2,
w,; (W1 (5-w1)/3 2<w; <5,
oy = { 4272008 2<ws <25
Hy, (W2) = (3—-w,)/05 2.5<w; <3,
[(ws—4)/3 4<ws <7,
.Uw3(W3)_{(9_x3)/2 7<w; <9,
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The membership functions of these fuzzy numbers are shown in Figs. 3 and 4.

The computation process is based on the algorithms in Table 5.
The computation of Y(«)":

Xl X2 X3 X4 X5

1 [NETE RETE FRRTE FRRR1 FRRR1 FARN1 ANNT1 ARETE FRUNE ARUN] FRRRY FRRR1 SURT!

ux (x)
L1 1 1 | L1 1 1 | L1 1 1 | L1 1 1 | 11 11

0 IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

12 13

o 1 2 3 4 5 6 7 8 9 10 M1
X

Fig. 3. The fuzzy numbers X;.

Wi Wy W3 Wy W5

1 AN FEENE FRNEE FEEN AR RE FRE NS SNET FERE R

ywy (w)
1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1

0 IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

0 1 2 3 4 5 6 7 8
w

Fig. 4. The fuzzy weights W,.

9

10
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Step 1: The o-cuts of the above fuzzy numbers and fuzzy weights are:

X () = [xl ()", X (a)”} =(1+0a3-aq),

Xo(00) = [xz(cx)ﬂxz(oc)”} =(2+30,7 - 20),

X3(00) = [x3(a)2x3(a)”} = (6+20,9 — 1),

Xa(00) = [X4(oc)L,X4(oc)U] =(7+20,10 — 1),

Xs(0) = [xs(oc)ﬂxf,(oc)”} =(10+0,12 — ),

Wi (o) = |Wq ()", Wy()V] = (1+a,5—30),

Wa (o) = [Wa (o), Wa(a)V | = (24 0.50,3 — 0.50),
(4 + 30,7 — 3),

(@) = [Wi(), W1 (2)"]
(@) = [Wa(o), Wa(2)"]
Ws(2) = [Ws (20", Wi()"] =
(@) = [Wa(o), Wa(2)"]
(@) = [Ws(o), Ws(2)"]

Step 2: Setm=0,1=[0,1], So=&.

Step3: Set m=1, select a;=0el—Sy=[0,1], it is obvious that X;(0)F < X5(0) < X3(0) < X4(0), so
(i1,i),...,18) = (1,2,3,4,5).

Step 4: It is also obvious that S; = {oc|oc € [0, 1], X7 (00)F < Xo(a)t < X3(o0)* < X4()} =[0,1].

Step 5: Because (i}, i,...,is) = (1,2,3,4,5), no matching of W*(a), WY(x), i=1,2...,5 is needed.

Step 6: Because S; =[0,1], no further partitioning of [0,1] is needed.

Step 7: Setj =1 for the further possible partition of S;. Using formulas for the «-cuts of the fuzzy numbers, construct the
left difference functions d,(«, k) for k=0,1,...,4 using its formula given in Table 5.

Step 8: Sett;=0,Di0=.

Step 9: Sett;=1,selecta; =0¢&S; — Dig=]0,1]. Because n = 5, we use the enumeration method to determine the optimal
switch point k*. Setting o = oy = 0 in dj(o,k), k=0,1,2,...,4 at Step 7, compute d;(0,0) = >, (X;(0)" — X;(0)"))
W;(0)" = —58. In the same way, it follows that d,(0,1)=—42 and d,(0,2) = 26. Because d,(0,2)> 0, d,(0,3) and
d,(0,4) do not have to be computed. With d,(0,1) < 0, d,(0,2) > 0, it follows that k}, = 2.

Step 10: It is straight forward to show that:

di(o, 1) = =34 — 500 — o, dj(0,2) = 26 — 180 — 1.502,
from which it follows that:
Dy = {a|dy(,1) <0, di(,2) >0, o€ S =[0,1]} = [0,1]. (29)

Step 11: Because S; — D11 = &, no further partition of S; is needed.
Step 12: Because m =1, S; =[0,1], no other sub-domain has to be partitioned.
Step 13: With k;; =2, Dy; =[0,1], so that,

S Xi(o) W)Y+ 07 Xi(0) W)t 152 + 12200 4 902

L (o _ 30
n S W) + 327 Wi(o)* 34 + 30 (30)
Step 14: The final result of Y(«)" for o € [0,1] is
2
Y(a)L:152+122<x+9<x an

34 + 3a

The computation of ()Y is given next. Some initialization parameters, such as m, t; and S are omitted, and some steps
can be combined because our calculations are not implemented on a computer.

Step 1 : Same as Step 1 for Y(a)-.
Steps 2-6 : It is also obvious that X;(o)Y < Xo(0)Y < X3(0)Y < X4(a)Y for o € [0,1]; hence, S; =[0,1].
Step 7 : With n =5, using formulas for the a-cuts of the fuzzy numbers, construct the right difference functions d,(«, k)
for k=0,1,...,4 using its formula given in Table 5.
Steps 8-12 :Sett; =1, for S; =[0,1], selecting oy = 0 € Sy, using the enumeration method for the optimal switch point, com-
pute d(0,0) =151, d,(0,1)=43, d(0,2)=9, d(0,3) = —9. Because d(0,3) <0, d(0,4) does not have to be com-
puted. With d(0,2) > 0, d(0,3) <0, it follows that k;; = 3.
It is straight forward to show that
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d(0,2) =9 — 150 — 0.5, d,(2,3) = -9 — 15.50 — 0.50%;
from which it follows that
D11 = {a|d;(2,2) = 0, di(2,3) <0, . €S; =10,1]} =[0,0.588]. (32)

Set t; =2, for « € S; — Dy, =(0.588,1], select o, =1, then d,(1,0)=104.5, d(1,1)=40, d(1,2)=-6.5. Because d(1,2)<0,
d(1,3) and d,(1,4) do not have to be computed. With d{1,1) > 0, d{1,2) <0, it follows that k;, = 2.
It is straight forward to show that

di(o,1) =43 + 200 — 502, d(2,2) =9 — 150 — 0.50%,
it follows that
Dy, = {afdy(,2) = 0, dy(2,3) <0, o € S;} = (0.588,1]. (33)

Because Dqq |J D12 =S; =[0,1], no further partition of S; is needed and no other sub-domain has to be partitioned. The
optimal switch values and their corresponding domains are k;; = 3, Dy; = [0,0.588], k;, =2, Dy, = (0.588,1].
Step 13 : Consequently,

N SoXi(0) Wi + 300 Xi(o) " Wi =342 + 570+ 202 ™
1 — = — ,
YWi)'+ 370 Wie)” 36 + o
ry - SUX0 Wil + S Xi() Wil)” 432 - 1570+ 8 a5
S Wi + X Wie)” —46 1 90
Step 14 : The final result of ()" for o € [0,1] is:
— n2
V(@) = — =287 (0 < o0 < 0.588, a6
— 42157280 0588 < o0 < 1.

Step 15 : The FWA final solution Y can be expressed with its a-cuts Y = ycjo11% Yo = Uneqon 1o Y(o)5, Y(2)Y] where Y(o)"
and Y(«)V are expressed with (31) and (36). By computing the inverse functions of Y(«)' and Y(«)" in (26) and
(27), respectively, the closed form membership function solution of Y is

—6.778 + 0.167y + 0.056,/9412 + 492y + 9y>  4.471 <y < 7.649,

9.813 — 0.563y — 0.063,/10825 — 1354y + 81y2 7.649 <y < 8.412,

Uy (y) = (37)
1425 — 0.25y + 0.25,/5985 — 174y 1 17 8.412 <y <95,
0 otherwise.
1 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1
0.8 L
0.6 L
S i
0.4 L
0.2 L
O | T T T T I T T T T I T T T T I T T T T I T T T T I T T T T -
4 5 6 7 8 9 10
X

Fig. 5. The final FWA result.
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From our formulas for Y(«)' and Y(«)Y, it follows that Y(0)=[4.47,9.5] and Y(1) = [7.65,7.65]. The final results for the
FWA are plotted in Fig. 5. The results are the same as those in [26]. Both Y(0), Y(1) and Fig. 5 are also the same as those
in [16].

If the computations are implemented using the a-cut approximation methods in Table 2, in order to get approximate
results similar to the analytical method to three decimal digits, one would have to divide o € [0,1] using a discretization
unit size of 0.001, and compute Y(a);, Y(o)y repeatedly 1000 times. It is obvious that the analytical method is more
accurate and computationally efficient. The nonlinear expressions in (31) and (36) are also difficult to observe just by
viewing Fig. 5. Compared with the analytical method of [26], our method is also computationally efficient and does
not need to enumerate and compare the algebraic formulas over the whole domain « € [0,1], which is hard to do in
complicated cases.

5. Conclusions

This paper has proposed an analytical solution method for the FWA problem that is based on solution expressions that use
KM algorithms. Compared with various existing discrete numerical methods and the few available analytical methods, the
method of this paper has a good structure and is simple for computations. It seems that the proposed method is the best solution
method for small size FWA problems. Such problems have a deep and rich background in optimization and decision making. Our
method can also be extended to large size FWA problems and has an open structure for various improvement techniques for
different conditions.

It may also be interesting to connect our new method with the computation of the linguistic weighted average (LWA) that
is used in perceptual computing [33,35], where the problems are formulated using interval type-2 fuzzy sets, because the
LWA is computed by computing two FWAs.
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Appendix A

Proof of Theorem 1. Using the definition of fuzzy numbers, it follows that, for Vo € [0,1], and i=1,2,...,n,
Xi(o)" < Xi(o)”,
Wi(er)" < Wi(or)".

Additionally, for o,05 € [0,1], &1 < oy, it follows that

Xi(on)" < Xi(o)',  and  Xi(on)Y = Xi(o)Y, (A1)
Wi(on)" < Wi(ap)', and Wi(aq)! > Wi(op)Y. (A2)
From (A.1),
z?:pg{(omlwf - z;‘:lxnmocz)wa, (A.3)
diWi D Wi
SiXilen) Wi S Xi(o) Wi (A4)

Wi ~ > Wi
Let
L U .
D(ay) = {w: (Wi, Wa,...,Wp)|w; € [W,'(OC]) ,Wi(on) ], 1= 1,2,...,n},

D(0) = {w: (W1, Wa, ..., W) |W; € [Wi(az)L,Wi(al)“], i= 1,2,...,n}.

Then, because of (A.2), it follows that
D(a2) CD(on). (A5)
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From (5) and (6),

Y(on)t = min = Xil) Wi (A.6)
weD(aq) >iaWi
L T Xi(on)' wi
Y(0)" = min &= L (A7)

weD(ay) Z?:]wi ’

" Xi(on) w;

Y(a1)Y = max M, A8
()" = max ST W, (A8)
Vi — max ki) wi A9
(%)" = max ST W (A9)

Consider A.3, A.5, A.6 and A.7 together, it must be true that Y(o;)* < Y(o,). In a similar way, consider A.4, A.5, A.8 and A.9,
one can get Y(o;)Y > Y(oz)Y. This means Y(o4 )" is increasing with o and Y(«;)Y is decreasing with o. Additionally, if all X;, W;
(i=1,2,...,n) are of triangular shape, then (5) and (6) become the same problem for « = 1, so that Y(1)' = Y(1)Y, i.e. Y is tri-
angular in shape. The trapezoidal shape conclusion is obvious.

Appendix B

Proof of Theorem 2. For notational simplification of our conclusions, we denote Xj(o)* and Xj(«)” as x;(a) and x;(o); similarly,
Wi(a)* and Wi(a)Y are also denoted as wi{«) and w;(o). Furthermore, because o always keeps the same value, we will use o
implicitly and omit it in the expressions in our proof, e.g. x{(«) is shortened to x;.

As required for both KM algorithms, both Xj(a)" and X;(«)" are ordered in advance with X;(o0)F < Xo(a)F < - -+ < Xp(o)! and
Xq(o)V < Xa(o)V < -+ < Xp(2)Y, thatis X1 < Xo < -+ < Xp, and ¥ < X, < -+ < X, The KM algorithms can be summarized as the
solutions for k; and ky of the following problems (B.1) and (B.2), which are the re-statements of (14) and (15), using our
simplified notations:

k _
DLW+ Do 1 XiWi kW
K = min =E——=Y", B1)
Z LlW' + Zl ks 1Wi wi€[w;, Wi Z,‘:1Wi
ky n 5
Do Xiw; + Zl kUHXWl — max Zz 1XiWi yU. (B.2)

Zi:lwf + Zi:kuﬂwi wig[w;,w;] Z: 1Wi
Similarly, using our simplified notations (16) and (17) become

Zz (XiWi + D X

(k) = (B.3)
Wi+ S Wi
wik) — i XiWi+ 300 e XiWi (B.4)
YW+ Sk Wi
(18) and (19) become
Y = gnm o(k), (B.5)
YU = o max w(k), (B.6)
(20) and (21) become
k n
di(k) = X1 = X)Wi+ > (Xeer — X)W, (B.7)
i=1 i=k+2
k n
== R —X)Wi— Y (Rewr — X)W (B.8)
i=1 i=k-+2

1. Proof of part (a). To begin, we obtain d,(k) in (B.7) by means of the following analysis. For ¢(k) in (B.3),and0 <k <n -1,

k —
i XiWi + D XiWi
k —
Zi:lwi + Z?:RHWI'

(k) =
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and
k+1,, = n .
ok +1) = 2= 1 XiWi + D i o XiWi
- k+1 — n '
i1 Wi+ D i ko Wi

Consequently,
@(k+1) = (k)
w) (um"“wl Z w,))

k+1
— Zl 1X'W' +Z k+2K iWi Zl 1X Wl +Zl k+1XlWl
fil Wit >l o Wi Zx:l Wit > Wi
k+1 n k n k n k+1 k
= <(inwi+ > XiWi> <ZW,»+ > w,-> - (ZXiWiJr > Xiwi> (Zwl Z w,>>/<<zwf+
i=1 i=k+2 i=1 i=k+1 i=1 i=k+1 i=k+2 i=1 i=k+1 i=k+2
(B.9)
We will simplify the numerator of (B.9)
k+1 k n k+1
<ZXW1 - Z xw,) <ZWI - Z w,> - (Z&wi+ > aqm) (Zwl - Z w,>
i=k+2 i=k+1 i=1 i=k+1 i=k+2
k k n
<xk+1wk+l . (lewl Py x,wl)) ((zw Py wl> +w,m)
i=1 i=k+2 i i=k+2
k n
=D xwi+ D xiwi | + X Wi | | Wieer + ZWx + Z w;
i=1 i=k+2 i=k+2
= XI<+1WI<+1 <Z Wl + Z Wl> (Z lel + Z X; Wz) Wit
i=k+2 i=k+2
k n
: ((z)_qw,- s xim)wkﬂ + K Wi (z S w))
i=1 i=k+2 i i=k+2
k n
= Xier1 (W1 — Wi (Z Wi + Z Wz) - (inwi +> XiWi> (Wies1 — W)
i=1 i=k+2 i=1 i=k+2
= (Wis1 — W) (le (Z Wi + Z wl> (wal + Z xw1)>
i=k+2 i=k+2
k n
(Wipr = Wie) | D Rt = X)W+ Y (X1 — X)W |
i—1 i=k+2
(B.10)

Consequently, (B.9) becomes
(Wiy1 — Wk+1)<21< 1(Xier1 = X)Wi + 3010 (X — X )W1>
:Hl] wi + Z?:kuwl’)

ok+1)— k) = p
(2 Wi+ Z?:kﬂv_vi) (
i=
Because Wy > wy; and all the values of w;, w; > 0, whether ¢(k + 1) > @(k) or @(k + 1) < (k) is determined by the sign
of )
Z (Xk1 — Xi)W;. (B.11)
i 7), ie.
(B.12)

k
> K — x)w; +

i=1 i=k+2

To simplify the notation in the rest of the proof, d,(k) is defined, as in (B.7)

i=k+2

k n
k)2 (M — X)Wi + Y (Xt — X)W,
i=1
< Xp, it follows from (B.12) that

Because x; < x> <
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k k-1
() dl k_1 (Z X1 — Xi W1+Z Xk+1_xl 1> <Z Xk — Xi Wz""z Xk_xz 1>

i=1 i=k+2 i i=k+1
k-1
((Xkﬂ — X)Wi+ > (Xke1 — X)W + Z (i1 — &)m)
i=1 i=k+2
k-1
- <Z (Xk — Xi)W; + Z (X — Xi)W; + (X — Xk+l)Wk+1>
i=1 i=k+2

k-1 n k n
= (it = X)W+ Wir) + D Rier = X)W + > Kk — X)W = (Xewr — i) (Z + ) V_Vi) =0
i=1

i=k+2 =1 i=k+1

So di(k) in (B.12) is an increasing function with respect to k.
Next, we study the behavior of ¢(k + 1) — ¢(k), which can be re-expressed by substituting (B.12) into (B.10), as

Pk +1) — (k) = ck)d(k), (B.13)
where

Wi — Wi

k = k+1 .~
(Zi:lwi + Z?:k-ﬂwi) ( i Wi+ Z?:kum‘)

a(k) = > 0. (B.14)

Because d;(0) = 31, (x; —x;)w; < 0 and d;(n — 1) = 321 (x, — x)W; > 0, with the increasing property of d;(k) for k, there
must exist k=k*(1 < k*< n—1), such that d,(k* — 1) <0 and d,(k*)> 0. We also have for all 0 < k<k*, d,(k) <0, and for
all k*<k<n-1, d(k*)>0. Using (B.13), it follows that for all 0 < k<k*, o(k+1)— ¢(k)<0, and for all k"<k<n-1,
@(k+1)— (k) = 0. Consequently, ¢(0) > ¢(1) > - o(k*—1) = o(k*) and @(k*) < o(k*+1) < - o(n—1)< p(n).
This means k* must be the global minimum point of (p(k) and k* = k;.

2. Proof of part (b)
Similarly to (B.10), we can prove that for y/(k) in (B.4),and 0< k<n -1,
(W1 — Wy1) (ZL (K1 — X)Wi + 3545 (Rer — 5‘:‘)‘7\’:)
(Zf:lﬂi + Z?:Imwi) ( :'{il]ﬂi + Z?:kﬂwi)
- (Wi — Wkﬂ)(Zf:] (Rir1 — X)Wi + >0 (Reer — Xi)Wi) (B.15)
- <Z:'<:1Wi + Z?:kﬂ"_"i) ( Ewi o+ Z?:I<+2‘7Vi) . '

Because wy,; > wy; and all the values of w;, w; > 0, whether ys(k + 1) > (k) or Ys(k + 1) < (k) is determined by the sign
of

Uk +1)—y(k) =

_ (i(xkﬂ — X;)wi -+ Xn: (Rk-ﬂ — X,')Wj) . (B16)
i=1

i=k+2
Let

n

k
é Z Xk+1 - Xl Wi — Z (XkJrl - Xi)wi- (B]7)

i=1 i=k+2

In a similar way, because x; < x, < --- < X, we can prove that d,(k) is a decreasing function with respect to k.
Next, we study the behavior of y/(k + 1) — y(k), which can be represented by substituting (B.17) into (B.15), as

Yk +1) — (k) = c(k)dr (k), (B.18)
where

Wip1 — Wiy

k _ k+1 _
(ZHW:' + Z?:l<+lwi>( Wi+ Z?:kﬂwz')

(k) = > 0. (B.19)

Because d,(0) = —>1', (% —x)w; > 0 and d,(n — 1) = =31 (%, — X)w; < 0, there must exist k =k*(1 < k* <n — 1), such
that d(k* — 1) > 0 and d,(k*) <0. Furthermore, for all 0 <k<k*, dJ(k) = 0, and for all k*<k<n-1, d(k*)<0. Using
(B.18), it follows that for all 0 < k<k* W(k+1)— (k) >0, and for all k*<k<n-1, Y(k+1)—y(k)<0. Consequently,
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Y0) < Y(1) < -+ <k — 1)< (k*) and (k) = Y(k*+1) = --- = y(n—1) > Y(n). This means k* must be the global
maximum point of Y(k), and k* = ky.
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